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 Frqvhqvxv/ Frqwdjlrq dqg Foxvwhulqj lq d Vsdfh0Wlph
Prgho ri Sxeolf Rslqlrq Irupdwlrq￿ | 1
Dqwrqhood Ldqqlh
Xqlyhuvlw| ri Vrxwkdpswrq +X1N1,/
Ydohqwlqd Fruudgl
Txhhq Pdu| Froohjh +X1N1,
Dsulo/ 5333
Devwudfw
Zh vwxg| d vlpsoh prgho ri sxeolf rslqlrq irupdwlrq wkdw srvlwv wkdw lq0
whudfwlrq ehwzhhq qhljkerxulqj djhqwv ohdgv wr edqgzdjrqv lq wkh g|qdplfv ri
lqglylgxdo rslqlrqv/ dv zhoo dv lq wkdw ri wkh djjuhjdwh surfhvv1 Zh vkrz wkdw lq
gl￿huhqw vshfl￿fdwlrqv ri wkh prgho/ wkhuh lv d whqghqf| iru wkh surfhvv wr vkrz
frqvhqvxv rq rqh ri wkh wzr frpshwlqj rslqlrqv1
Zh vkrz krz d sxeolfo| dydlodeoh sroo ri fxuuhqw sxeolf rslqlrq pd| ohdg wr
d irup ri frqwdjlrq/ e| zklfk sxeolf rslqlrq whqgv wr djuhh zlwk wkh sroo1 Zh
srlqw rxw wkdw/ lq wkh devhqfh ri d sroo/ wkh surfhvv glvsod|v wkh ihdwxuh wkdw/
diwhu orqj wlph vsdqv/ d vhtxhqfh ri vwdwhv rffxu zklfk/ zkhq ylhzhg orfdoo|/
uhpdlq doprvw vwdwlrqdu| dqg duh fkdudfwhul}hg e| odujh foxvwhuv ri lqglylgxdov
ri wkh vdph rslqlrq1
Wkh uxqqlqj phwdskru zh xvh lv wkdw ri d prgho ri suh0hohfwrudo sxeolf rslqlrq
irupdwlrq/ zlwk wzr fdqglgdwhv uxqqlqj1 Zh surylgh vrph khxulvwlf frqvlghud0
wlrqv rq wkh lpsolfdwlrq wkdw wkhvh ￿qglqjv frxog kdyh lq whupv ri vsdfh0wlph
doorfdwlrq ri ixqglqjv lq dq hohfwrudo fdpsdljq1
WMHO= G:5/ G;5/ F771 Nh|zrugv= Hujrglflw|/ Frqvhqvxv/ Foxvwhulqj/ Orfdo lqwhudfwlrq/ Yrwhu
prgho/ Hohfwrudo Sroo/ Hohfwrudo Fdpsdljq1
_Zh kdyh ehqh￿whg iurp iuxlwixo frpphqwv iurp O1 Dqghuolql/ G1 Fdvv/ V1 Frdwh/ D1 Kdpolq/ Q1
Shuvlfr/ P1R1 Udyq/ M1 Uxl}0Fdvwloor/ O1 Vdpxhovrq/ dqg doo vhplqdu sduwlflsdqwv dw wkh Xqlyhuvlw|
ri Shqqv|oydqld/ wkh Xqlyhuvlw| ri Eulvwro/ Txhhq Pdu| Froohjh dqg dw wkh Xqlyhuvlgdg Fduorv LLL
gh Pdgulg1 Wkh ￿uvw dxwkru zlvkhv wr wkdqn wkh Xqlyhuvlw| ri Vrxwkdpswrq iru judqwlqj d uhvhdufk
ohdyh dqg wkh Xqlyhuvlw| ri Shqqv|oydqld iru wkh jhqhurxv krvslwdolw|1
hDgguhvv iru Fruuhvsrqghqfh= D1 Ldqql/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Vrxwkdps0
wrq/ Vrxwkdpswrq VR4: 4EM/ X1N11 h0pdlo= ldqqlCvrwrq1df1xn
44 Lqwurgxfwlrq
Lq rughu wr xqghuvwdqg wkh hphujhqfh dqg wkh g|qdplf vwdelolw| ri vrfldo qrupv
dqg sdwwhuqv ri ehkdylrxu lq vrflhw|/ d jurzlqj erg| ri uhfhqw olwhudwxuh dqdo|}hv
lqwhughshqghqw vhwwlqjv zkhuh wkh frppxqlfdwlrq vwuxfwxuh zlwklq d odujh srsxodwlrq
ri djhqwv lv kljko| ghfhqwudol}hg1 Frqwulexwlrqv ruljlqdwhg lq Ndqgrul/ Pdlodwk dqg
Ure +4<<6, dqg \rxqj +4<<6, dqg ohdg wr d uhfhqw lvvxh ri Wkh Uhylhz ri Hfrqrplf
Vwxglhv froohfwlqj sdshuv e| V1 Pruulv +5333,/ L1K1 Ohh dqg D1 Ydohqwlq|l +5333,/
J1 Hoolvrq +5333, dqg P1 Vxn0\rxqj Fkzh +5333,/ dprqj pdq| rwkhuv wkdw kdyh
ehhq zulwwhq lq wklv duhd1 Prvw ri wklv olwhudwxuh irfxvhv rq vlwxdwlrqv zkhuh wkh
uhodwlyh dgydqwdjh ri fkrrvlqj rqh/ rxw ri ￿qlwho| pdq| dfwlrqv/ lv lqfuhdvlqj lq wkh
suredelolw| zlwk zklfk rwkhu djhqwv gr vr1 Wklv lqfhqwlyh vwuxfwxuh udlvhv dq lvvxh
ri frruglqdwlrq/ wkdw hyhq lq wkh devhqfh ri dq| h{solflw frruglqdwlrq ghylfh/ pd| eh
dfklhyhg e| vrflhw| ryhu wlph zkhq lqglylgxdov duh udqgrpo| pdwfkhg dqg lqwhudfwlrq
wdnhv sodfh uhshdwhgo|1 Wkh uhvxowv wr gdwh lqglfdwh wkdw/ zkhqhyhu d ulvn0grplqdqw
+dv lqwurgxfhg e| Kduvdq|l dqg Vhowhq +4<;;,, htxloleulxp h{lvwv/ wklv lv urexvw wr
vwrfkdvwlf shuwxuedwlrqv wkdw pd| frph iurp srvwxodwhg plvwdnhv ru pxwdwlrqv/ ru
iurp udqgrpqhvv lq wkh lqlwldo frqglwlrq1 Dq lpsolfdwlrq ri wkhvh ￿qglqjv lv wkdw wkh
ulvn0grplqdqw dfwlrq vsuhdgv lq wkh srsxodwlrq lq d irup ri frqwdjlrq1 Lq sduwlfxodu/
lq d orfdoo| lqwhudfwlyh vhwwlqj/ vwduwlqj iurp d vpdoo foxvwhu ri djhqwv sod|lqj wkh ulvn0
grplqdqw dfwlrq/ p|rslf ehvw uhso| g|qdplfv hqvxuh wkdw wklv dfwlrq zloo/ hyhqwxdoo|
dqg zlwk suredelolw| rqh/ eh dgrswhg e| doo rwkhu djhqwv lq wkh srsxodwlrq1
Wklv sdshu dqdo|}hv d vlpsoh vwrfkdvwlf g|qdplf surfhvv ri sxeolf rslqlrq irupd0
wlrq dqg lw vwxglhv wkh zd| lq zklfk wklv hyroyhv ryhu vsdfh dqg ryhu wlph1 Vshfl￿fdoo|/
wkhuh lv d odujh srsxodwlrq ri lghqwlfdo djhqwv zkr uhshdwhgo| fkrrvh rqh rxw ri wzr
srvvleoh rslqlrqv1 Frqvlvwhqwo| zlwk wkh deryh olwhudwxuh/ wkh zd| lq zklfk rslqlrqv
duh fkrvhq uh hfwv dq lqfhqwlyh/ rq wkh sduw ri hdfk djhqw wr frqirup wr rwkhu lqgl0
ylgxdo fkrlfhv1 Vlqfh wkh srsxodwlrq lv odujh dqg frppxqlfdwlrq dprqj lqglylgxdov lv
kljko| ghfhqwudol}hg/ rwkhu lqglylgxdov* rslqlrqv duh qrw shuihfwo| revhuyhg1 Fkrlfhv
duh khqfh pdgh rq wkh edvlv ri d vdpsoh ri revhuydwlrqv wkdw hdfk djhqw jdwkhuv hdfk
wlph d fkrlfh lv wr eh pdgh1 Khwhurjhqhlw| dprqj djhqw pd| khqfh dulvh hqgrjh0
qhrxvo| iurp wkh gl￿huhqw lqirupdwlrq dydlodeoh wr hdfk1 Dgglwlrqdoo|/ lqglylgxdov
pd| uho| rq vrph sxeolfo| dydlodeoh vwdwlvwlfv ri wkh fxuuhqw sxeolf rslqlrq1 Zh uhihu
wr wkh surfhvv ri sxeolf rslqlrq dv wr wkh g|qdplf surfhvv jhqhudwhg e| wkh froohfwlrq
ri doo lqglylgxdo rslqlrqv dqg zh duh lqwhuhvwhg lq dqdo|}lqj wkh surshuwlhv ri wklv
5g|qdplfv1 Lq sduwlfxodu/ zh dgguhvv wzr frpsohphqwdu| lvvxhv1 Wkh ￿uvw uhodwhv wr
wkh dv|pswrwlf surshuwlhv ri wkh g|qdplfv1 Vwduwlqj iurp dq lqlwldo udqgrp frq￿j0
xudwlrq ri rslqlrqv lq wkh srsxodwlrq/ zloo wkh surfhvv ri sxeolf rslqlrq irupdwlrq
hyhqwxdoo| vkrz frqvhqvxv lq wkh djjuhjdwh/ ru zloo gl￿huhqw rslqlrqv fr0h{lvw lqgh0
￿qhwho|B Xqghu zklfk frqglwlrq zloo rqh rslqlrq sursdjdwh lq wkh srsxodwlrq lq d
irup ri frqwdjlrqB Wkh vhfrqg irfxvhv rq wkh ehkdylrxu ri wkh surfhvv dorqj wkh
g|qdplfv dqg uholhv rq wkh vsdwldo fkdudfwhul}dwlrq ri wkh surfhvv ri foxvwhulqj/e |
zklfk frqvhqvxv lv dfklhyhg1
Dv d uxqqlqj phwdskru wkdw khosv xv ghvfulelqj wkhvh surfhvvhv/ zh wklqn ri d
prgho ri suh0hohfwrudo rslqlrq irupdwlrq/ zkhuh lqglylgxdov uhshdwhgo| irup wkhlu rzq
rslqlrq dv wr zklfk/ rxw ri wzr/ fdqglgdwh wr yrwh iru/ dw wkh wlph zkhq hohfwlrqv
frph1 Dv wkhuh duh yhu| pdq| yrwhuv lq wkh srsxodwlrq/ rqo| wzr fdqglgdwhv dqg d
vlqjoh hohfwlrq￿/ yrwlqj ghflvlrqv duh doprvw e| gh￿qlwlrq ghsulyhg ri dq| vwudwhjlf
hohphqw dqg hdfk yrwhu vhhv wkh ixwxuh hohfwrudo rxwfrph dv dq xqnqrzq vwdwh ri wkh
zruog1 Zh gr krzhyhu dffrxqw iru dq h{solflwo| lqwhudfwlyh hohphqw/ vlqfh zh srv0
wxodwh wkdw suhihuhqfh duh vxfk wkdw hdfk yrwhu kdv dq lqfhqwlyh wr frqirup wr zkdw
+v,kh shufhlyhv wr eh wkh zlqqlqj vlgh ri wkh hohfwlrqv21 Wklv udlvhv dq lqfhqwlyh iru
dq lqglylgxdo wr jdwkhu vrph lqirupdwlrq rq wkh fxuuhqw vwdwh ri sxeolf rslqlrq/ dv
wklv zrxog ghwhuplqh/ wkurxjk d vlpsoh pdmrulw| yrwlqj/ wkh hohfwrudo rxwfrph1 Wr
fdswxuh wkh idfw wkdw fkrlfhv duh riwhq ghwhuplqhg e| wkh ihdwxuhv ri wkh hqylurqphqw
zkhuh lqwhudfwlrq wdnhv sodfh/ zh srvwxodwh wkdw hdfk yrwhu fdq rqo| revhuyh d udq0
grp vdpsoh ri rslqlrqv dgrswhg zlwklq wkh vpdoo vxevhw ri khu ru klv qhljkerxuv/
froohdjxhv/ iulhqgv ru uhodwlyhv/ dqg iru prgholqj sxusrvhv zh hqgrz hdfk yrwhu zlwk
d vshfl￿f orfdwlrq rq dq dssursuldwho| fkdudfwhul}hg wrsrorjlfdo vwuxfwxuh￿1 Dggl0
wlrqdo|/ dw hdfk wlph dq rslqlrq lv wr eh irupxodwhg d yrwhu kdv dffhvv wr wkh uhvxow
ri d iuhho| dqg sxeolfo| dydlodeoh hohfwrudo srooe wkdw dvvhvvhv wkh shufhqwdjh ri yrwhuv
vxssruwlqj hdfk fdqglgdwh1 Lq rxu prgho/ lw lv wkh djjuhjdwh ri doo lqglylgxdo rslqlrqv
wkdw vkdshv dqg gh￿qhv sxeolf rslqlrq lq lwv froohfwlyh glphqvlrq/ dqg lq sduwlfxodu/
hohfwrudo vxssruw iru hdfk ri wkh fdqglgdwhv1 Lq wklv vhqvh/ dqg dv zh glvfxvv wrzdugv
wkh hqg ri wkh sdshu/ rxu uhvxowv surylgh d edvlv iru dqdo|}lqj lvvxhv ri vsdfh dqg
wlph doorfdwlrq ri ixqglqj lq dq hohfwrudo fdpsdljq1
Wkh prgho zh vwxg| lv pruh jhqhudo wkdq wkh uxqqlqj phwdskru zh xvh/ dqg lq idfw
dssolhv wr wkh zlghu fodvv ri hfrqrplf vhwwlqjv zkhuh lqglylgxdov/ idfhg zlwk wkh fkrlfh
ri rqh rxw ri wzr dfwlrqv/ kdyh dq lqfhqwlyh wr frqirup wr rwkhu lqglylgxdov* fkrlfhv/
wkxv vxssruwlqj pxowlsoh htxloleuld1 Lqghhg d uhohydqw erg| ri prghuq hfrqrplf
6wkhru|/ lq sduwlfxodu lq wkh ￿hog ri Lqgxvwuldo Rujdql}dwlrq +Iduuho dqg Vdorqhu +4<;8,/
Ndw} dqg Vkdslur +4<;8,/ Ndqgrul dqg Ure +4<<;, dprqj rwkhuv,/ kdv riwhq ghdow
zlwk lvvxhv dulvlqj iurp qhwzrun h{whuqdolwlhv dqg edqg0zdjrq h￿hfwv/ zkhuh wkh
irupdol}dwlrqv h{solflwo| srvwxodwh d ghshqghqfh ri wkh ohyho ri xwlolw| ru ri sur￿w ri
d vlqjoh lqglylgxdo rq wkh sursruwlrq ri rwkhu lqglylgxdov zkr wklqn dqg dfw lq dq
dqdorj idvklrq1
Vshfl￿fdoo|/ wklv sdshu frqwulexwhv wr wkh uhfhqw olwhudwxuh rq ohduqlqj dqg hyrox0
wlrq lq lqwhudfwlyh vhwwlqjv wr zklfk zh uhihu lq wkh rshqlqj lq wzr uhvshfwv1 Iluvw/
wkh vshfl￿fdwlrq ri wkh surfhvv ri sulydwh rslqlrq irupdwlrq zh prgho surylghv dq
h{solflw plfurirxqgdwlrq iru ehkdylrxudo dvvxpswlrqv vxfk dv lplwdwlrq/ ehvw0uhso|
dqg qrlv| ehvw0uhso| edvhg rq wkh idfw wkdw revhuydwlrqv duh udqgrpo| vdpsohg1 Lq
sduwlfxodu/ erwk vshfl￿fdwlrqv zh vxjjhvw +odehoohg dv frqiruplvw yrwhu dqg qrlv| frq0
iruplvw yrwhu, surylgh d frqwlqxrxv dssur{lpdwlrq ri p|rslf ehvw0uhso| ehkdylrxu dv
d ixqfwlrq ri wkh qxpehu ri revhuydwlrqv dydlodeoh wr wkh yrwhu= li rqo| rqh revhuydwlrq
lv dydlodeoh/ ehkdylrxu uhsurgxfhv eolqg lplwdwlrq/ zkloh dv wkh qxpehu ri revhuyd0
wlrqv jurzv wr lq￿qlw| ehvw0uhso| ehkdylrxu lv ixoo| uhfryhuhgD1 Ixuwkhupruh/ wkh
qrlv| yhuvlrq ri rxu vshfl￿fdwlrq uhsurgxfhv wkh qrlv| ehvw uhso| xvhg/ iru h{dpsoh/
lq Eoxph +4<<6,/ PfNhoyh| dqg Sdoiuh| +4<<8, dqg Ldqql +4<<;,/ exw wkh vwrfkdvwlf
frpsrqhqw vwhpv hqgrjhqhrxvo| iurp udqgrp vdpsolqj ri revhuydwlrqv dv rssrvhg
wr ehlqj h{rjhqrxvo| srvwxodwhg lq whupv ri plvwdnhv ru pxwdwlrqv1 Vhfrqg/ wkh dj0
juhjdwh g|qdplfv zh vwxg| frxog eh dssolhg wr dq h{solflwo| lqwhudfwlyh vhwwlqj/ zkhuh
udqgrpo| gudzq frxsohv ri sod|huv uhshdwhgo| sod| d rqh0vkrw wzr0e|0wzr frruglqd0
wlrq jdph1 Li wklv olqh zhuh wr eh sxuvxhg/ wkh uhvxowv zh rewdlq khuh/ frxog eh uhdg
dv frpsohphqwlqj wkh olwhudwxuh txrwhg lq wkh rshqlqj e| vwxg|lqj prghov zkhuh d
ulvn0grplqdqw htxloleulxp grhv qrw h{lvw1 Lq d vlpsoh wzr0e|0wzr frruglqdwlrq jdph
wklv lv lqghhg wkh fdvh li dqg zkhqhyhu wkh ehvw0uhso| wr d suredelolw| glvwulexwlrq
wkdw dvvljqv htxdo suredelolw| wr wkh wzr dydlodeoh dfwlrqv lv d fruuhvsrqghqfh1 Lw lv
nqrzq +vhh iru h{dpsoh Pruulv +5333,, wkdw lq wklv fdvh ehvw0uhso| g|qdplfv duh yhu|
vhqvlwlyh wr wkh vshfl￿fdwlrq ri d wlh0euhdnlqj uxoh/ wkdw w|slfdoo| uhfryhuv xqltxhqhvv
ri wkh ehvw0uhso|1 Rq wkh frqwudu|/ wkh frpsrqhqwv ri rxu g|qdplfv uhwdlq wklv dg0
glwlrqdo vwrfkdvwlf hohphqw wkdw sod|v d nh| uroh lq sduwlfxodu lq doo rqh0glphqvlrqdo
vshfl￿fdwlrqv ri rxu prgho1
Lvvxhv uhodwhg wr wkh surfhvv ri sxeolf rslqlrq irupdwlrq duh lq idfw qrw wdqjhqwldo
wr hfrqrplf wkhru|1 Sxeolf rslqlrq sod|v d nh| uroh lq vkdslqj dqlpdo vslulwv/ h{shf0
wdwlrqv/ yrwlqj ghflvlrqv/ sdwwhuqv ri frqvxphu dqg surgxfhu ehkdylrxu/ dv zhoo dv
7g|qdplfv ri dgrswlrqv ri gl￿huhqw whfkqrorjlhv dqg lqqrydwlrq1 Wkh surfhvv ri sxeolf
rslqlrq kdv dovr ehhq h{whqvlyho| vwxglhg lq ￿hogv rwkhu wkdq hfrqrplfv1 Rxu prgho
surylghv d irupdol}dwlrq ri wzr dvshfwv wkdw duh riwhq hpskdvl}hg lq wkh vrflrorjlfdo
olwhudwxuh1 Wkh ￿uvw lv wkh idfw wkdw lqglylgxdov idfhg zlwk gl￿huhqw fkrlfhv dv wr
zkrp 0 ru zkdw 0 wr vxssruw vkrz d whqghqf| wr eh lq xhqfhg e| wkh rslqlrq ri
vrph froohfwlyh pdmrulw| +pxwxdo dzduhqhvv/ dv gh￿qhg lq Fuhvsl +4<<:,,1 Wkh vhf0
rqg lv wkdw hqylurqphqwdo frqglwlrqv wkdw duh vshfl￿f wr hdfk djhqw vhhp wr pdwwhu
lq ghwhuplqlqj wkh rxwfrph ri lqglylgxdo fkrlfhv +vlwxdwlrqdo fruuhodwhv ri rslqlrq/
dv lq Fuhvsl +4<<:,,1 Wkhvh ihdwxuhv ri wkh sxeolf rslqlrq surfhvv vhhp wr eh zhoo
grfxphqwhg lq whupv ri h{shulphqwdo/ dv zhoo dv hpslulfdo hylghqfh1
Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ghvfulehv wkh ghwdlov ri wkh surfhvv ri
sulydwh dqg sxeolf rslqlrq irupdwlrq1 Wkh suredelolw| zlwk zklfk d yrwhu fkrrvhv dq
rslqlrq ghshqgv rq d vdpsoh ri revhuydwlrqv ri rwkhu yrwhuv* rslqlrqv/ dv zhoo dv rq d
sxeolfo| dydlodeoh hohfwrudo sroo1 Wkh froohfwlyh surfhvvhv uho| rq wzr pdlq hohphqwv1
Iluvw/ lw lv dvvxphg wkdw rslqlrqv duh iruphg uhshdwhgo| ryhu wlph lq d vhtxhqwldo
pdqqhu +zkhuh rqo| rqh yrwhu dw d wlph fdq uhylvh ru irupxodwh dq rslqlrq,1 Vhfrqg/
wkh glvwulexwlrq iurp zklfk revhuydwlrqv duh gudzq dw udqgrp lv hqgrjhqhl}hg lq
whupv ri d vlpsoh vwdwlvwlf ri wkh rslqlrqv dgrswhg lq d yrwhu*v qhljkerxukrrg1 Vhfwlrq
6 dqdo|vhv wkh surshuwlhv ri wkh g|qdplf surfhvv ri sxeolf rslqlrq irupdwlrq1 Dv
dqwlflsdwhg/ wkh vwxg| uholhv rq wkh fkdudfwhul}dwlrq ri wkh orqj0uxq surshuwlhv ri wkh
surfhvv/ dv zhoo dv wkrvh ri lwv g|qdplfv1 Wkh uhvxowv vkrz wkdw wkhvh wzr dvshfwv duh
frpsohphqwdu| dqg surylgh d ehwwhu xqghuvwdqglqj ri wkh surfhvv lwvhoi1 E| sxuvxlqj
d vsdfh0wlph dqdo|vlv +l1h1 e| uhodwlqj wkh wzr glphqvlrqv/ wlph dqg vsdfh/ ryhu zklfk
rxu surfhvv lv gh￿qhg, zh dovr vwxg| wkh surfhvv ri foxvwhu irupdwlrq1 Lq Vhfwlrq 7
zh surylgh vrph khxulvwlf frqvlghudwlrqv dv wr wkh lpsolfdwlrqv wkdw wkhvh ￿qglqjv
zrxog kdyh zlwklq d pruh jhqhudo prgho wkdw doorzv iru vwudwhjlf ehkdylrxu rq wkh
sduw ri wkh wzr fdqglgdwhv1 Ilqdoo| Vhfwlrq 8 frqfoxghv dqg wkh Dsshqgl{ frqwdlqv
wkh whfkqlfdo surriv1
5 Wkh prgho
Wkhuh lv d odujh srsxodwlrq ri djhqwv zkr uhshdwhgo| fkrrvh rqh rxw ri wzr srvvleoh
rslqlrqv1 Wkh zd| lq zklfk rslqlrqv duh fkrvhq uh hfwv dq lqfhqwlyh/ rq wkh sduw ri
hdfkdjhqw wr frqirup wr rwkhu lqglylgxdo fkrlfhv/ exw vlqfh wkh srsxodwlrqlv odujh dqg
frppxqlfdwlrq dprqj lqglylgxdov lv kljko| ghfhqwudol}hg/ rwkhu lqglylgxdov* rslqlrqv
8duh qrw shuihfwo| revhuyhg1 Fkrlfhv duh khqfh pdgh rq wkh edvlv ri d vdpsoh ri
revhuydwlrqv wkdw hdfk djhqw jdwkhuv hdfk wlph d fkrlfh lv wr eh pdgh1 Dv djhqwv duh
khwhurjhqhrxv lq whupv ri wkh lqirupdwlrq dydlodeoh wr wkhp/ zh vkdoo uhihu wr wklv
vdpsolqj surfhvv dv sulydwh wr hdfk lqglylgxdo1 Dgglwlrqdoo|/ hdfk lqglylgxdo pd|
uho| rq vrph sxeolfo| dydlodeoh vwdwlvwlfv ri wkh fxuuhqw sxeolf rslqlrq1
Lq zkdw iroorzv zh ￿uvw surylgh dq h{dpsoh ri wkh vruw ri lqfhqwlyh vwuxfwxuhv
wkdw pd| prwlydwh lqglylgxdov wr frqirup wr rwkhu lqglylgxdov* fkrlfhv1 Lq wklv vlpsoh
prgho/ wkh lqfhqwlyh wr frqirup lv hqwluho| lqvwuxphqwdo wr h{shfwhg xwlolw| frqvlghu0
dwlrqv dqg lv lq hvvhqfh lqgxfhg e| wkh srvwxodwhg hohfwrudo iudphzrun1 Zh wdnh wklv
vlpsoh prgho dv d uxqqlqj phwdskru iru wkh uhvw ri wkh sdshu dqg prgho wkh surfhvv
ri rslqlrq irupdwlrq rq wkh sduw ri d vlqjoh djhqw +sulydwh rslqlrq irupdwlrq, dqg
wkh lqgxfhg g|qdplfv lq wkh djjuhjdwh +sxeolf rslqlrq irupdwlrq,1
51314 Suh0Hohfwrudo Sxeolf Rslqlrq Irupdwlrq
D vlqjoh urxqg ri hohfwlrqv lv jrlqj wr eh khog dw d ixwxuh gdwh1 Wzr fdqglgdwhv/
3 dqg 4/ uxq wkh hohfwlrqv dqg wkh zlqqhu zloo eh ghflghg wkurxjk vlpsoh pdmrulw|
yrwlqjS1 Wr irfxv wkh prgho rq wkh ehkdylrxu ri wkh sxeolf/ zh glvuhjdug frpsohwho|
dq| vwudwhjlf hohphqw rq wkh sduw ri wkh fdqglgdwhv1 Iru wkh sxusrvhv ri rxu dqdo|vlv/
hdfk ri wkhp kdv vrph zhoo gh￿qhg hohfwrudo sodq/ wkh lpsohphqwdwlrq ri zklfk zloo
d￿hfw hdfk yrwhu*v xwlolw|/ diwhu wkh hohfwlrqv duh uxq dqg wkh zlqqhu lv ghflghg1
Lq wkh prgho wkhuh lv d srsxodwlrq ri yrwhuv wkdw irupxodwh wkhlu rslqlrq dv wr
zklfk fdqglgdwh wr vxssruw zkhq wkh hohfwlrqv zloo eh khog1 Yrwhuv ehkdyh lq dq
lghqwlfdo pdqqhu/ dowkrxjk/ dv zh vkdoo vhh/ dv|pphwulhv pljkw dulvh gxh wr gl￿huhqfhv
lq wkh lqirupdwlrq wkh| srvvhvv1 Lq rxu vhwwlqj/ yrwlqj ghflvlrqv rq wkh sduw ri hdfk
vlqjoh yrwhu duh doprvw e| gh￿qlwlrq ghsulyhg ri dq| vwudwhjlf frqwhqw.1 Wkh prgho zh
irupdol}h lq idfw srvwxodwhv wkdw hdfk srvvleoh hohfwrudo rxwfrph lv dq xqnqrzq vwdwh
ri qdwxuh iru wkh vlqjoh yrwhu1 Suhihuhqfhv/ irupdol}hg e| d xwlolw| ixqfwlrq/ ghshqg
rq wkh vwdwh ri qdwxuh/ dqg h{shfwhg xwlolw| frqvlghudwlrqv ghwhuplqh wkh surfhvv ri
rslqlrq irupdwlrq dqg xowlpdwho| wkh rxwfrph ri wkh hohfwlrqv1
Zh duh jrlqj wr ghvfuleh wkh zd| lq zklfk/ jlyhq fxuuhqw sxeolf rslqlrq/ d yrwhu
irupxodwhv klv ru khu rzq1 Iru wkh yrwhu/ wkh rxwfrph ri wklv surfhvv zloo eh dq
rslqlrq/ 3 ru 4/ zklfk zrxog fruuhvsrqg wr d yrwh +iru 3 ru iru 4 uhvshfwlyho|, li
hohfwlrqv zhuh wr eh khog dw wkh vdph srlqw lq wlph1 Yrwhuv pd| eh irujhwixo dqg jr
wkurxjk wklv surfhvv uhshdwhgo| lq wkhlu hohfwrudo olih1
Lqjuhglhqwv ri wklv surfhvv duh= wzr h{rjhqrxv vwdwhv ri qdwxuh/ odehoohg dv z @
9i3>4j fruuhvsrqglqj wr wkh hyhqw ￿fdqglgdwh 3 zlqv wkh hohfwlrqv￿ dqg ￿fdqglgdwh 4
zlqv wkh hohfwlrqv￿> wzr srvvleoh edoorwv/ odehoohg y @ i3>4j dqg d xwlolw| ixqfwlrq
wkdw ghshqgv vhsdudeo| rq wkh rxwfrph ri wkh hohfwlrq dqg rq wkh edoorw fkrvhq/
X+z>y,1 Wkh lghd zh zdqw wr sxuvxh lv wkdw/ dowkrxjk wkh rxwfrph ri wkh hohfwlrqv
lv h{rjhqrxv wr wkh yrwhu/ xwlolw| dovr ghshqgv rq wkh yrwh lwvhoi1 Vshfl￿fdoo|/ dqg iru
%A3/ zh dvvxph wkdw wkh xwlolw| ri hdfk yrwhu lv jlyhq e|=
X+z>y, @
;
?
=
3 y 9@ z
%y @ z
Wklv irupdol}hv wkh lghd wkdw yrwhuv vwulfwo| suhihu wr yrwh iru wkh zlqqlqjfdqglgdwhH1
Jlyhq wkhvh suhihuhqfhv/ dqg jlyhq wkdw wkh rxwfrph ri wkh hohfwlrqv ghshqgv rq wkh
glvwulexwlrq ri edoorwv lq wkh srsxodwlrq/ d yrwhu qhhgv wr dvvhvv wkh suredelolw| zlwk
zklfk hdfk fdqglgdwh lv jrlqj wr zlq wkh hohfwlrqv1 Jlyhq wklv dvvhvvphqw/ d yrwhu
zloo frqirup wr zkdw +v,kh shufhlyhv wr eh wkh rslqlrq ri wkh pdmrulw| ri yrwhuv lq
wkh srsxodwlrq1
514 Sulydwh Rslqlrq Irupdwlrq
Yrwhuv* ghflvlrqv fohduo| ghshqg rq wkh dvvhvvphqw ri wkh suredelolw| zlwk zklfk hdfk
fdqglgdwh zloo zlq wkh hohfwlrqv1 Zh srvwxodwh wkdw wkh odwwhu lv pdgh rq wkh edvlv
ri wkh lqihuhqfh gudzq iurp vrph sulydwho| jdwkhuhg revhuydwlrqv ri rwkhu yrwhuv*
rslqlrqv/ dv zhoo dv rq wkh edvlv ri d sxeolfo| dydlodeoh hohfwrudo sroo1 Li zh ohw
s 5 ^3>4‘ eh d sdudphwhu wkdw gh￿qhv wkh suredelolw| zlwk zklfk d yrwhu sulydwho|
revhuyhv dq rslqlrq lq idyrxu ri fdqglgdwh 4 lq d vdpsoh ri q revhuydwlrqv/ ￿ 5 ^3>4‘
wkh dvvhvvphqw ri fdqglgdwh 4*v shufhqwdjh yrwhv surgxfhg e| d sxeolf hohfwrudo sroo/
dqg ￿ 5 ^3>4‘ wkh uhodwlyh zhljkw ri sulydwho| dqg sxeolfo| jdwkhuhg lqirupdwlrq lq
wkh yrwhu*v dvvhvvphqw/ wkh suredelolw| zlwk zklfk wkh yrwhu irupxodwhv dq rslqlrq
wkdw idyrxuv fdqglgdwh 4 lv prghohg dv=
Su^4 m ￿>s>q>￿‘ ￿ ￿Su^4 m s>q‘.+4 ￿￿,Su^4 m ￿‘
Wkurxjkrxw wkh sdshu zh vkdoo wdnh ￿ wr eh jlyhq h{rjhqrxvo| dqg lghqwlfdo iru doo
yrwhuv lq wkh srsxodwlrqv1 Wkh hohfwrudo sroo wkdw surgxfhv ￿ lv fohduo| hqgrjhqrxv/
exw lv qrw prghohg h{solflwo|1 Zh vkdoo w|slfdoo| gh￿qh wkh sroo rqo| lq whupv ri
wkh uhtxluhphqwv lw kdv wr vdwlvi| dqg/ iru qrwdwlrqdo frqyhqlhqfh/ zh srvw0srqh d
irupdo gh￿qlwlrq wr odwhu rq lq wkh sdshu1 Wkh lghd zh kdyh lq plqg lv wkdw d vlqjoh
sroo/ lq whupv ri vrph vdpsoh vwdwlvwlfv/ lv surgxfhg dw d jlyhq srlqw lq wlph dqg lw
:lv iuhho| dydlodeoh wr doo yrwhuv1 Prvw ri wkh Vhfwlrq wkdw iroorzv lv ghyrwhg wr wkh
hqgrjhqhl}dwlrq ri wkh sdudphwhu s/ wkdw zloo dffrxqw iru khwhurjhqhlwlhv dfurvv yrwhuv
wkdw dulvh iurp d kljko| ghfhqwudol}hg lqirupdwlrq vwuxfwxuh lq wkh srsxodwlrq1 Iru
wkh vdnh ri wkh h{srvlwlrq/ zh wdnh ￿ wr eh rqh lq wkh uhvw ri wklv vxe0Vhfwlrq dqg
zh irupdol}h wkh surfhvv ri lqihuhqfh wkdw ohdgv wr wkh dvvhvvphqw ri wkh suredelolw|
zlwk zklfk hlwkhu fdqglgdwh zloo zlq wkh hohfwlrqv dv iroorzv1
Zh vwduw e| ghvfulelqj wkh lqihuhqfh gudzq e| d frqiruplvw yrwhu= Zh dvvxph wkdw
hdfkyrwhu kdv  dw sulruv ryhu ￿ 5 ^3>4‘ zklfklv wkh iudfwlrq ri yrwhuv lq wkh srsxodwlrq
zkr fxuuhqwo| vxssruw fdqglgdwh 4/ dqg xsgdwhv wklv sulruv diwhu kdylqj revhuyhg d
vdpsoh ri revhuydwlrqv1 Zh wdnh sulruv wr eh jlyhq e| d Ehwd glvwulexwlrq zlwk htxdo
sdudphwhuv/ Eh+4>4,1 Hdfk revhuydwlrq frqvlvwv ri d udqgrpo| fkrvhq rwkhu yrwhu
lq wkh srsxodwlrq/ wkh rslqlrq ri zkrp lv revhuyhg1 Wkxv/ hdfk revhuydwlrq frphv
iurp d Elqrpldo glvwulexwlrq/ El+s,/ zkhuh 3 ￿ s ￿ 4= Zh ghqrwh wkh ghqvlw| ri wkh
suredelolw| glvwulexwlrq wkdw jhqhudwhv revhuydwlrqv e| i￿￿+u m q>s, zkhuh u lv wkh
qxpehu ri rslqlrqv 4 lq d vdpsoh ri q revhuydwlrqv1
Li d yrwhu kdv revhuyhg d vdpsoh ri u rslqlrqv 4 lq d vdpsoh ri q revhuydwlrqv/
wkhq +v,kh xsgdwhv khu sulru Eh+4>4, wr wkh srvwhulru Eh+4.u>4.q ￿ ub ,/ zlwk
ghqvlw|b i￿e+} m 4.u>4.q ￿ u, dqg phdq +4.u,+q .5 ,3￿1 Jlyhq wklv srvwhulru/
wkh yrwhu zrxog fkrrvh rslqlrq 4 li wkh Sus￿e^}A4@5 m u>q‘ A 3=8> dqg rslqlrq 3
rwkhuzlvh1 Khqfh/ zh fdq fdofxodwh wkh h{0dqwh suredelolw| ri wkh frqiruplvw yrwhu
fkrrvlqj rslqlrq 4/ jlyhq s dqg q ￿ 4 revhuydwlrqv dv=
Su S^4 m s>q‘@
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zkhuh 4+i￿j, lv dq lqglfdwru ixqfwlrq wkdw wdnhv ydoxh ri rqh zkhqhyhu i￿j lv wuxh1 Lq
rughu wr dvvxph dzd| wlhv zlwklq wkh lqglfdwru ixqfwlrq/ zh ￿qg lw frqyhqlhqw wr wdnh
q wr eh dq rgg qxpehu dqg wr uh0zulwh wkh deryh h{suhvvlrq iru q @5 p .4dv=
Su S^4 m s>p‘@
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zkhuh zh h{sorlw wkh idfw wkdw wkh lqglfdwru ixqfwlrq ri zklfk lq +4, lv htxdo wr
rqh iru doo ydoxhv ri u ￿ p .4+dqg htxdo wr }hur rwkhuzlvh,1
Wklv txdqwlw| ghshqgv rq p +wkh qxpehu ri revhuydwlrqv, dqg rq s +wkh sdudphwhu
wkdw ghwhuplqhv wkh suredelolw| ri revhuylqj d 4,1 Lw lv qrw gl!fxow wr vhh wkdw/ iru
dq| ￿{hg p @ p?4 wkh deryh suredelolw| lv d frqwlqxrxv dqg lqfuhdvlqj ixqfwlrq
ri s 5 ^3>4‘> irupdol}lqj wkh idfw wkdw wkh pruh olnho| revhuydwlrqv 4v duh/ wkh kljkhu
;lv wkh suredelolw| wkdw wkh yrwhu zloo dgrsw rslqlrq 4= Lw lv dovr fohdu iurp +5, wkdw/
iru dq| p/ SuS^4 m s @3 >p‘@3 > Su S^4 m s @3 =8>p‘@3 =8 dqg Su S^4 m s @4 >p‘@4 1
Krzhyhu/ iru dq| s 5 +3>3=8, ^ +3=8>4,/ vlqfh revhuydwlrqv duh uhdol}dwlrqv ri wkh
udqgrp yduldeoh El+s,/ wkh yrwhu*v ehkdylrxu lv rqo| ghvfulehg suredelolvwlfdoo| lq
wkh vhqvh wkdw 3 ? Su S^4 m s>p‘ ? 41
Lw lv zruwk qrwlflqj wkdw/ iru p @3 > wkh deryh suredelolw| lv olqhdu lq s/ vlqfh
SuS^4 m s>p @3 ‘@s1 Wklv uhvhpeohv sxuh lplwdwlyh ehkdylrxu rq wkh sduw ri d yrwhu/
zkr rqo| vdpsohv rqh revhuydwlrq dqg eolqgo| lplwdwhv lw1 Wr vhh wkh zd| lq zklfk
wkh deryh suredelolw| fkdqjhv dv wkh qxpehu ri revhuydwlrq lqfuhdvhv/ vxssrvh s zdv
dfwxdoo| wkh wuxh sursruwlrq ri 4*v vxssruwhuv lq wkh srsxodwlrq1 Ohw vW+s, ghqrwh wkh
suredelolw| zlwk zklfk dq h{shfwhg xwlolw| pd{lpl}hu yrwhu vkrxog fkrrvh rslqlrq 4>
l1h1 vW+s, @3iru s?3=8 / vW+s, @4iru sA3=8 dqg/ frqyhqwlrqdoo|/ vhw vW+s, @3 =8
iru s @3 =81W k h q ￿f/ iru wkh qxpehu ri revhuydwlrqv ehfrplqj yhu| odujh dqg iru hdfk
jlyhq s @ s/ olp6<" SuS ^4 m s>p‘@vW+s,1 Lq rwkhu zrugv/ iru p odujh/ Su S^4 m s>p‘
lv hvvhqwldoo| ghvfulehg e| vW+s,/ dowkrxjk lw uhpdlqv gl￿huhqwldeoh/ vlqfh rqo| lq wkh
olplw/ iru p $4 / lwv lpdjh lv uhvwulfwhg wr wkh ydoxhv i3>3=8>4j1
Lq rughu wr dffrxqw iru wkh idfw wkdw wkh lqirupdwlrq jdwkhuhg e| d yrwhu/ ru klv
ru khu ehkdylrxu pd| eh qrw eh dv v|vwhpdwlf dv suhvfulehg e| htxdwlrq +5,/ zh vkdoo
dovr dqdo|}h d qrlv| yhuvlrq ri lw1 Vshfl￿fdoo|/ zh vkdoo dvvxph wkdw/ jlyhq d vdpsoh
ri revhuydwlrqv/ d qrlv| frqiruplvw yrwhu gudzv rqh uhdol}dwlrq dw udqgrp iurp wkh
suredelolw| glvwulexwlrq gh￿qhg e| khu xsgdwhg srvwhulru1 Lq wklv fdvh wkh suredelolw|
zlwk zklfk +v,kh zloo fkrrvh rslqlrq 4 lv jlyhq e| Sus￿e^}A4@5 m u>q‘ dqg wkh u1k1v1
ri htxdwlrq +4, fdq eh uh0zulwwhq dv=
Su ?S^4 m s>p‘@
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z k h u hz hw d n hq @5 p .4iru p ￿ 31 Djdlq/ iru dq| ￿{hg p @ p?4 wkh
deryh suredelolw| lv d frqwlqxrxv dqg lqfuhdvlqj ixqfwlrq ri s 5 ^3>4‘> irupdol}lqj wkh
idfw wkdw wkh pruh olnho| revhuydwlrqv 4v duh/ wkh kljkhu lv wkh suredelolw| wkdw wkh
yrwhu zloo dgrsw rslqlrq 4= Krzhyhu/ xqolnh +4,/ +6, uh hfwv wkh idfw wkdw ehkdylrxu
lv qrlv| vlqfh/ iru dq| p/ Su ?S^4 m s @3 >p‘ A 3> Su ?S^4 m s @3 =8>p‘@3 =8 dqg
Su ?S^4 m s @4 >p‘ ? 41 Wklv qrlvh whqgv wr glvdsshdu dv wkh qxpehu ri revhuydwlrqv
lqfuhdvhv/ vlqfh htxdwlrq +6, ehkdyhv h{dfwo| lq wkh vdph idvklrq dv htxdwlrq +5,
glg￿￿= iru hdfk jlyhq s @ s/ olp6<" Su?S ^4 m s>p‘@vW+s, dqg/ iru p odujh/ lw lv
<hvvhqwldoo| ghvfulehg e| vW+s,=
Wkh deryh frqvlghudwlrqv surylgh wkh prwlydwlrq iru wkh ehkdylrxudo vshfl￿fdwlrqv
zh lqwurgxfh khuh dqg wr zklfk zh vkdoo uhihu odwhu1
Gh￿qlwlrq 4 +Frqiruplvw yrwhu, Jlyhq p +wkh qxpehu ri revhuydwlrqv ehlqj vdp0
sohg, dqg s +wkh sdudphwhu ri wkh elqrpldo glvwulexwlrq iurp zklfk revhuydwlrqv duh
gudzq, d frqiruplvw yrwhu fkrrvhv edoorw 4 zlwk suredelolw| Su S^4 m s>p‘ jlyhq e|
htxdwlrq +5,1
Gh￿qlwlrq 5 +Qrlv| frqiruplvw yrwhu, Jlyhq p +wkh qxpehu ri revhuydwlrqv eh0
lqj vdpsohg, dqg s +wkh sdudphwhu ri wkh elqrpldo glvwulexwlrq iurp zklfk revhu0
ydwlrqv duh gudzq, d qrlv| frqiruplvw yrwhu fkrrvhv edoorw 4 zlwk suredelolw|
Su ?S^4 m s>p‘ jlyhq e| htxdwlrq +6,=
515 Sxeolf Rslqlrq Irupdwlrq
Dv dqwlflsdwhg/ zh duh jrlqj wr prgho d g|qdplf surfhvv ri sxeolf rslqlrq irupdwlrq/
lq zklfk zh wdnh wkh ehkdylrudo vshfl￿fdwlrqv lqwurgxfhg lq wkh suhylrxv Vhfwlrq
dv sulplwlyhv1 Lq rughu wr dffrxqw iru gl￿huhqw sodxvleoh lqirupdwlrq vwuxfwxuhv dqg
lqirupdwlrq wudqvplvvlrq dprqj djhqwv/ zh vkdoo lqwurgxfh d vshfl￿f w|sh ri khwhur0
jhqhlw| dprqj wkh yrwhuv lq wkh srsxodwlrq1
Wkh jhqhudo qrwdwlrq ri wkh prgho zh vwxg| kdv lqglylgxdo { 5 V fkrrvlqj edoorw
y+{, 5i 3>4j= Zh vkdoo dvvxph wkurxjkrxw wkdw V lv frxqwdeoh1 D frq￿jxudwlrq ri
rslqlrqv lq wkh srsxodwlrq zloo eh ghqrwhg e| y 5i 3>4j71 Zh prgho wkh g|qdplfv
ri wkh surfhvv zkhuh dw hdfk srlqw lq wlph dw prvw rqh lqglylgxdo fkdqjhv rslqlrq1
Wr wklv dlp/ zh dvvxph wkdw wlph uxqv frqwlqxrxvo| dqg hdfk lqglylgxdo pd| fkrrvh
d qhz rslqlrq dw d udqgrp h{srqhqwldo wlph/ zlwk phdq rqh1 Wkh wlph0ghshqghqfh
ri doo yduldeohv zloo eh ghqrwhg e| vxe0w/ exw vrphwlph gursshg wr oljkwhq qrwdwlrq1
Zkhqhyhu lqglylgxdo { lv wr irup d qhz rslqlrq/ +v,kh zloo gr vr lq wkh zd| ghvfulehg
lq wkh suhylrxv Vhfwlrq1
Wkh g|qdplf dvshfw ri wkh prgho lv ghwhuplqhg e| wkh hqgrjhqhl}dwlrq ri wkh sd0
udphwhu s +wkdw/ zh uhfdoo iurp wkh suhylrxv Vhfwlrq/ lv d yrwhu*v suredelolw| ri revhuy0
lqj dq rslqlrq lq idyrxu ri fdqglgdwh 4,1 Vshfl￿fdoo|/ zh dvvxph wkdw dw hdfk srlqw lq
wlph/ s| ￿ s+{>y|,/ phdqlqj wkdw vxfk suredelolw| ghshqgv rq wkh djhqw*v lghqwlw|/ dv
zhoo dv rq wkh fxuuhqw frq￿jxudwlrq ri rslqlrqv lq wkh srsxodwlrq/ exw lv krprjhqhrxv
ryhu wlph1 Lq rughu wr fdswxuh wkh dprxqw ri fruuhodwlrq wkdw vhhpv wr eh sduwlfxoduo|
shuwlqhqw lq surfhvvhv ri rslqlrq irupdwlrq/ zh surfhhg dv iroorzv1 Zh surylgh hdfk
43djhqw zlwk d vsdwldo orfdwlrq rq d g0glphqvlrqdo odwwlfh ]_/ dqg srvwxodwhv wkdw +v,kh
fdq rqo| revhuyh wkh rslqlrqv dgrswhg zlwklq wkh vhw ri djhqwv wkdw olyh lq khu2klv
ylflqlw|1 Irupdoo|/ zh wdnh V ￿ ]_ dqg gh￿qh wkh vhw ri {*v qhduhvw qhljkerxuv dv
i| =n | ￿ { n@4 j/ l1h1 wkh vhw ri 5g djhqwv zkr olyh dw Hxfolghdq glvwdqfh rqh iurp
djhqw {1 Zh dvvxph wkdw hdfk yrwhu lv htxdoo| olnho| wr revhuyh dq| ri wkh rslqlrqv
dgrswhg dprqj khu qhduhvw qhljkeruv1 Dv d uhvxow s+{>y, @ +5g,3￿S
t+G8+3%8’￿￿ y+|,
dqg wkh sdudphwhuv wkdw ghwhuplqh wkh suredelolw| ri revhuylqj rslqlrqv duh +vsd0
wldoo|, fruuhodwhg dprqj yrwhuv zkr duh qhljkerxuv1 Vlqfh wkh vhw ri qhljkerxuv lv
￿qlwh/ s rqo| wdnhv ydoxhv lq i3>+5g,3￿>5+5g,3￿>====>5g+5g,3￿j=
Dv zh dqwlflsdwhg/ dowkrxjk fohduo| hqgrjhqrxv/ wkh surfhvv wkdw surgxfhv wkh
hohfwrudo sroo ￿ lv qrw prghohg h{solflwo|1 Wkh lghd zh kdyh lq plqg lv wkdw dw dq|
srlqw lq wlph d yrwhu lv wr irup dq rslqlrq/ +v,kh pd| wdnh lqwr dffrxqw wkh dvvhvvphqw
ri wkh shufhqwdjh yrwhv ri fdqglgdwh 4 surgxfhg e| d iuhho| dqg sxeolfo| dydlodeoh
hohfwrudo sroo1 Zh dvvxph wkdw hdfk yrwhu wuhdwv vxfk sxeolf lqirupdwlrq lq h{dfwo|
wkh vdph vwrfkdvwlf zd| d frqiruplvw yrwhu grhv1 Khqfh/ iurp htxdwlrq +5, +iru s ￿ ￿
dqg p @3 , wkh dvvhvvhg suredelolw| ri yrwlqj iru fdqglgdwh 4 jlyhq wkh sroo lv jlyhq
e|=
Su^4 m ￿‘ ￿ Su S^4 m ￿>3‘ @ ￿
zkhuh ￿ 5 ^3>4‘1
Zh dovr hqylvdjh d vhfrqg zd| lq zklfk d yrwhu pd| kdqgoh wkh lqirupdwlrq
frplqj iurp dq hohfwrudo sroo= wklv srvwxodwhv wkdw/ jlyhq wkh sroo/ wkh yrwhu fkrrvhv
wkh edoorw wkdw idyrxuv wkh zlqqlqj fdqglgdwh dqg wrvvhv d frlq rwkhuzlvh1 Dv d
uhvxow/ Su^4 m ￿‘@4 +i￿A3=8j, Su^3 m ￿‘@4 +i￿?3=8j, dqg Su^4 m ￿‘ @ Su^3 m ￿‘
li ￿ @3 =81 Dowkrxjk wkhvh wzr vshfl￿fdwlrqv pd| eh jlyhq gl￿huhqw ehkdylrxudo
prwlydwlrq/ vlqfh zh rqo| wuhdw ￿ sdudphwulfdoo| +lq wkdw zh gr qrw prgho h{solflwo|
wkh zd| lq zklfk wkh sroo lv surgxfhg,/ wklv odwwhu fdvh lv gh idfwr d sduwlfxodu fdvh
ri wkh iruphu/ rewdlqhg iru ￿ 5i 3>4j1
Lq rughu wr pdnh wkh prgho wudfwdeoh/ zh uhtxluh wkh surfhvv wkdw surgxfhv wkh
sroo qrw wr vkrz dq| wlph0ghshqghqfh/ dqg zh dvvxph wkdw wkh odvw sroo lv dydlodeoh
dw vrph ￿qlwh wlph W1 Ixuwkhupruh/ dowkrxjk vxemhfw wr srwhqwldo vdpsoh eldv/ zh
uhtxluh wkh hohfwrudo sroo qrw wr plv0uhsuhvhqw wkh fxuuhqw vwdwh ri sxeolf rslqlrq/ lq
wkh vhqvh wkdw/ iru doo W/l iyA+{, @4+yv1 yA+{, @3 , iru doo { 5 V/w k h q￿A @4+yv1
￿A @3 ,1
Wkh iroorzlqj Gh￿qlwlrq vxppdul}hv wkh ghwdlov ri wkh surfhvvhv ri sxeolf rslqlrq
44irupdwlrq wkdw zh vwxg|=
Gh￿qlwlrq 6 +Sxeolf Rslqlrq, Frqvlghu d srsxodwlrq ri yrwhuv ghqrwhg e| V ￿
]_= Iru dq| w ￿ 3/ ohw ￿ 5 ^3>4‘/ ￿A 5 ^3>4‘/ p ￿ 3 dqg s| @ +5g,3￿S
t+G8+3%8’￿￿ y|+|, 5
i3>+5g,3￿>5+5g,3￿>====>5g+5g,3￿j= Dw hdfk udqgrp h{srqhqwldo wlph w/ zlwk phdq rqh/
yrwhu { fkrrvhv edoorw 4 dw udwh￿2=
Su^4 m ￿>s|>p>￿A‘ ￿ ￿Su^4 m s|>p‘.+4￿ ￿,Su^4 m ￿A‘
zkhuh=
hlwkhu
Su^4 m s>p‘ ￿ SuS ^4 m s>p‘ li doo yrwhuv duh frqiruplvw dqg ehkdyh dffruglqj wr
Gh￿qlwlrq 41 Lq wklv fdvh/ yS+p, gh￿qhv wkh surfhvv ri sxeolf rslqlrq irupdwlrq iru
d srsxodwlrq ri frqiruplvw yrwhuv1
ru
Su^4 m s>p‘ ￿ Su?S ^4 m s>p‘ li doo yrwhuv duh qrlv| frqiruplvw dqg ehkdyh df0
fruglqj wr Gh￿qlwlrq 51 Lq wklv fdvh/ y?S+p, gh￿qhv wkh surfhvv ri sxeolf rslqlrq
irupdwlrq iru d srsxodwlrq ri qrlv| frqiruplvw yrwhuv1
Lq jhqhudo/ zh vkdoo ghqrwh e| y| wkh surfhvv dw wlph w= Lq doo vshfl￿fdwlrqv/ y| duh
fohduo| dq hohphqw ri wkh vwdwh vsdfh i3>4j71 Zh duh lqwhuhvwhg lq fkdudfwhul}lqj wkh
hyroxwlrq ri wkh vwrfkdvwlf surfhvv y| ryhu wlph dqg ryhu vsdfh dqg zh vkdoo prvwo|
irfxv rq wzr h{wuhph fdvhv1 Wkh ￿uvw lv zkhq d sroo lv dydlodeoh dw wlph W @3 /l w
xqlirupo| ghwhuplqhv wkh lqlwldo rslqlrq ri hdfk yrwhu dqg lw lv wkhq ljqruhg e| wkh
yrwhuv dw dq| vxevhtxhqw wlph dw zklfk wkh rslqlrq lv uhylvhg1 Zh prwlydwh wklv sroo
lq whupv ri dq rshqlqj vshhfk wkdw fdqglgdwhv sxeolfo| jlyh ru vrph lqlwldo hohfwrudo
sroo wkdw lv pdgh dydlodeoh rqo| dw wkh ehjlqqlqj ri wkh hohfwrudo fdpsdljq1 Lq wkh
sdudphwul}dwlrq zh dgrsw/ wklv fruuhvsrqgv wr wkh fdvh zkhq ￿ @3dw w @3dqg
￿ @4iru doo wA31 Wkh vhfrqg fdvh zh vkdoo dqdo|}h lv lqvwhdg zkhq dq hohfwrudo sroo
lv dydlodeoh dw vrph ￿qlwh wlph W ￿ 3 dqg kdv d orqj odvwlqj h￿hfw rq wkh surfhvv ri
sxeolf rslqlrq lq wkdw lw lv wdnhq lqwr dffrxqw e| hdfk yrwhu dw dq| vxevhtxhqw wlph
w ￿ W dw zklfk rslqlrqv duh wr eh uhylvhg1 Lq wklv fdvh zh wdnh ￿?4 iru doo w ￿ W
dqg zh vkdoo vwxg| wkh g|qdplfv ri wkh surfhvv ri sxeolf rslqlrq iru w ￿ W 1
456 Pdlq Uhvxowv
Wkh ￿uvw txhvwlrq zh dgguhvv uhodwhv wr wkh dv|pswrwlfv ri wkh surfhvvhv zh vwxg|/
l1h1 wkhlu olplw ehkdylrxu iru w $4 1
Ehiruh zh vwdwh wkh pdlq uhvxowv/ lw lv zruwk qrwlflqj wkdw vrph ihdwxuh ri wkh sur0
fhvvhv zh vkdoo dqdo|}h duh uhodwlyho| lqwxlwlyh1 Iluvw/ vlqfh zkhqhyhu fdoohg wr irup dq
rslqlrq/ d yrwhu vdpsohv fxuuhqw revhuydwlrqv/ dqg rq wkh edvlv ri wkhvh +v,kh ghflghv/
wkh djjuhjdwh surfhvv ri sxeolf rslqlrq fohduo| vdwlv￿hv vrph Pdunryldq surshuwlhv1
Vhfrqg/ dv srlqwhg rxw hduolhu/ wkh qrlv| frqiruplvw yrwhu zkr vdpsohv ￿qlwho| pdq|
revhuydwlrqv fdq fkrrvh hdfk ri wkh rslqlrqv zlwk vwulfwo| srvlwlyh suredelolw|1 Wklv
vxjjhvwv wkdw wklv surfhvv pd| eh hujrglf/ lq wkdw doo srvvleoh frq￿jxudwlrqv ri rslq0
lrqv lq wkh srsxodwlrq frxog eh ylvlwhg lq￿qlwho| riwhq e| wkh surfhvv1 Wklv ihdwxuh lv
fohduo| qrw vkduhg e| wkh frqiruplvw yrwhu surfhvv/ dv rqo| rslqlrqv wkdw duh revhuyhg
fdq eh dgrswhg zlwk srvlwlyh suredelolw|1 Lw vkrxog eh fohdu iurp wkh vshfl￿fdwlrq
wkdw/ iru wklv odwwhu surfhvv/ wkh vhw ri suredelolw| phdvxuhv wkdw kdyh srlqwpdvv rqh
rq d vwdwh zkhuh hyhu|erg| dgrswv wkh vdph rslqlrq duh lqyduldqw1
Fohduo|/ lq wkh vshfldo fdvh ri ￿ @3iru dq| w/ ixoo zhljkw lv jlyhq wr wkh sxeolfo|
dydlodeoh sroo1 Vlqfh dq| sulydwh lqirupdwlrq lv glvuhjdughg e| d yrwhu/ dq| srwhqwldo
dv|pphwulhv wkdw dulvh iurp wkh orfdo qdwxuh ri lqirupdwlrq jdwkhulqj ydqlvk1 Dv d
uhvxow/ zkhqhyhu ￿A 5 +3>4,/ wkh ehkdylrxu ri hdfk vlqjoh yrwhu lv Pdunryldq ryhu
i3>4j dqg wkh dv|pswrwlf ehkdylrxu ri wkh surfhvv ri sxeolf rslqlrq irupdwlrq lv
ghvfulehg e| wkh surgxfw phdvxuh ri pxwxdoo| vlqjxodu frxqwdeoh Pdunry fkdlqv1
Khqfh wkh odvw hohfwrudo sroo wkdw ehfrphv dydlodeoh ixoo| fkdudfwhul}hv wkh surfhvv ri
sxeolf rslqlrq irupdwlrq1
Lqwhuhvwlqj txhvwlrqv dulvh iru ￿ 5 +3>4‘= Lq wklv fdvh wkh vwrfkdvwlf surfhvv ri
sxeolf rslqlrq irupdwlrq lv vwloo Pdunryldq ryhu lwv vwdwh0vsdfh +vlqfh dq| wudqvlwlrq
suredelolw| ghshqgv rqo| rq wkh fxuuhqw frq￿jxudwlrq ri rslqlrqv dqg/ srvvleo|/ rq
wkh fxuuhqwo| dydlodeoh hohfwrudo sroo,/ dowkrxjk wkh ehkdylrxu ri d vlqjoh yrwhu qr
orqjhu lv +gxh wr wkh orfdo qdwxuh ri wkh lqwhudfwlrq,1
Vrph ri wkh uhvxowv wkdw iroorz duh rewdlqhg iru d vshfl￿f fkdudfwhul}dwlrq ri wkh vhw
ri doo yrwhuv/ wkdw duh orfdwhg rq d rqh0glphqvlrqdo odwwlfh dqg rqo| revhuyh d vdpsoh
ri rslqlrqv iurp wkhlu qhduhvw qhljkeruv1 Wklv vshfl￿fdwlrq lv fkrvhq prvwo| iru
frqyhqlhqfh/ dv lw doorzv iru vkdushu uhvxowv dqg iru dq lqwxlwlyh fkdudfwhul}dwlrq ri wkh
vsdfh0wlph dqdo|vlv zh dgguhvv wrzdugv wkh hqg ri wklv Vhfwlrq1 Wkh edvlf surshuwlhv
ri wkh surfhvvhv lq wklv fdvh duh wkh iroorzlqj1 Vlqfh g @4 / sulydwh rslqlrqv duh
46irupxodwhg e| yrwhuv rq wkh edvlv ri wkh rslqlrqv fkrvhq e| wkh wzr dgmdfhqw yrwhuv1
Dv d uhvxow wkh sdudphwhu wkdw surgxfhv revhuydwlrqv rqo| wdnhv ydoxhv s 5i 3>4@5>4j=
Erwk vshfl￿fdwlrqv ri wkh prgho lqyroyh d surfhvv ri vdpsolqj ri p rslqlrqv dprqj
wkhlu qhduhvw qhljkerxuv/ exw zkloh/ iru dq| ydoxh ri p/ d frqiruplvw yrwhu gh idfwr
vlpso| lplwdwhv wkh rslqlrq wkdw duh revhuyhg/ d qrlv| frqiruplvw yrwhu zkr revhuyhv
doo lghqwlfdo rslqlrqv fdq vwloo qrw lplwdwh zkdw +v,kh vhhv rq wkh jurxqg ri wkh xqlirup
sulru1
Lq wkh vwdwhphqw ri wkh uhvxowv zh xvh wkh iroorzlqj ixuwkhu qrwdwlrq1 Zh vkdoo
ghqrwh dq| suredelolw| glvwulexwlrq ryhu wkh vwdwh vsdfh e| ￿|/ dqg wkh lqlwldo glv0
wulexwlrq e| ￿f1 Ghjhqhudwh suredelolw| glvwulexwlrqv wkdw kdyh srlqwpdvv rq wkh
frq￿jxudwlrqv zkhuh doo lqglylgxdov dgrsw h{dfwo| wkh vdph edoorw +wkdw lv frq￿jx0
udwlrqv yf zkhuh y+{, @3iru doo { lq V dqg frq￿jxudwlrq y￿ zkhuh y+{, @4iru
doo { lq V, duh ghqrwhg e| ￿f dqg ￿￿ uhvshfwlyho|= Jlyhq ￿f> zh ohw ￿
>f
| eh wkh odz
ri y
>f
| / dqg zh zulwh olp|<" ￿
>f
| @ ￿
>f
" wr phdq wkdw ￿
>f
| lv zhdno| frqyhujhqw1 Zh
dovr ghqrwh e| . wkh vhw ri lqyduldqw phdvxuhv +l1h1 d phdvxuh wkdw lv vwdwlrqdu| ryhu
wlph, iru y| dqg .e ￿ . wkh vhw lwv h{wuhph srlqwv1 Zh vkdoo gh￿qh wkh surfhvv y| wr
eh hujrglf li dqg rqo| li . lv d vlqjohwrq> lq wklv fdvh wkh deryh olplw zloo qrw ghshqg
rq wkh lqlwldo frqglwlrq/ lq wkh vhqvh wkdw olp|<" ￿
>f
| @ ￿" iru dq| ￿f1
D ￿uvw xqghuvwdqglqj ri wkh surshuwlhv ri wkh surfhvv lv rewdlqhg e| vwxg|lqj wkh
surfhvv y?S+p, iru dq| ydoxh ri p?4 dqg lv vxppdul}hg lq wkh iroorzlqj Wkhruhp1
Lq zrugv/ wkh Wkhruhp dvvhuwv wkdw lq wkh devhqfh ri dq| hohfwrudo sroo/ zkhq sxeolf
rslqlrq lv rqo| gulyhq e| sulydwh lqirupdwlrq rq wkh sduw ri hdfk yrwhu/ wkh surfhvv
dgplwv dq lqyduldqw phdvxuh wkdw fdq eh ixoo| fkdudfwhul}hg1 Vshfl￿fdoo|/ wklv lqydul0
dqw phdvxuh srvlwv kljkhu olplw suredelolw| wr frq￿jxudwlrqv ri sxeolf rslqlrq zkhuh
rslqlrqv dprqj yrwhuv whqg wr eh vsdwldoo| krprjhqrxv1 Li dqg zkhqhyhu wkh surfhvv
lv hujrglf/ wkh deryh lqyduldqw phdvxuh lv xqltxh/ phdqlqj wkdw lqghshqghqwo| ri dq|
lqlwldo frqglwlrq +wkdw pd| ru pd| qrw lqyroyh dq lqlwldo hohfwrudo sroo,/ wkh surfhvv
zloo frqyhujh wr lw ryhu wlph1
Wkhruhp 4 Frqvlghu y?S
| +p, dv lq Gh￿qlwlrq 6 iru p?41
41 Li ￿ @4iru doo w ￿ 3 dqg iru doo 3 ?g?4/ wkh iroorzlqj phdvxuh lv lqyduldqw
iru wkh surfhvv=
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51 Li m V m? 4 dqg2ru g @4 > iru doo ￿ 5 +3>4‘ dqg iru doo ￿A 5 ^3>4‘/ wkh surfhvv
lv hujrglf1
Khqfh li ￿ @4iru doo wA3/ wkh phdvxuh lq htxdwlrq +7, lv wkh xqltxh lqyduldqw
phdvxuh iru wkh surfhvv dqg
olp
|<"
￿
E6￿c>f
| @ ￿E6￿
" iru dq| lqlwldo glvwulexwlrq ￿f=
Surri1 Vhh Dsshqgl{1
Wkh deryh Wkhruhp surylghv d fkdudfwhul}dwlrq ri wkh olplw ehkdylrxu ri wkh g|0
qdplfv y?S
| +p,= Sduw 51 vwdwhv wkdw rqh ri wkh iroorzlqj wzr frqglwlrqv jxdudqwhhv wkdw
wkh surfhvv grhv qrw vkrz dq| sdwk ghshqghqfh1 Wkh ￿uvw uhtxluhv wkh srsxodwlrq
ri yrwhuv wr eh ￿qlwh +l1h1 iru m V m? 4,1 Lq wklv fdvh wkh surfhvv fdq eh uhjdughg dv
d ￿qlwh vwdwh Pdunry fkdlq ryhu wkh vsdfh ri doo srvvleoh frq￿jxudwlrqv ri rslqlrqv1
Jlyhq wkdw hdfk yrwhu rqo| vdpsohv d ￿qlwh qxpehu ri revhuydwlrqv +l1h1 p?4,/ dv
suhylrxvo| qrwlfhg/ dq| rslqlrq fdq eh dgrswhg e| hdfk yrwhu zlwk vwulfwo| srvlwlyh
suredelolw|1 Wklv jxdudqwhhv wkdw doo srvvleoh wudqvlwlrqv dprqj gl￿huhqw frq￿jxud0
wlrqv fdq rffxu zlwk vwulfwo| srvlwlyh suredelolw| dqg dv d uhvxow/ lqlwldo frqglwlrqv
ehfrph ohvv dqg ohvv lpsruwdqw dorqj wkh g|qdplfv1 Wkh vhfrqg lqvwhdg uhtxluhv
yrwhuv wr eh orfdwhg rq d rqh0glphqvlrqdo odwwlfh +l1h1 iru g @4 ,1 Wklv doorzv wr
irupdol}h vrph prqrwrqlflw| surshuwlhv ri wkh surfhvv/ vwdwhg lq whupv ri dwwudfwlyh0
qhvv/ wkdw uho| rq wkh idfw wkdw frruglqdwhv/ l1h1 yrwhuv/ whqg wr djuhh lq rslqlrq zlwk
wkhlu qhduhvw qhljkerxuv1 Lw lv nqrzq wkdw dwwudfwlyh surfhvvhv zlwk vwulfwo| srvlwlyh
wudqvlwlrq udwhv duh hujrglf1
Zkhqhyhu hujrglflw| lv jxdudqwhhg/ wkhq qr pdwwhu zkhuh wkh surfhvv vwduwv/ wkh
suredelolw| zlwk zklfk hdfk frq￿jxudwlrq frxog eh revhuyhg dv|pswrwlfdoo| lv jlyhq
e| wkh deryh olplwlqj glvwulexwlrq1 Qrwlfh wkdw/ vlqfh wklv lv wuxh iru dq| lqlwldo
frqglwlrq/ wklv lv dovr wuxh iru d vshfl￿f lqlwldo frqglwlrq zkhuh/ iru h{dpsoh/ hdfk
yrwhu lqlwldoo| fkrrvhv rslqlrq 4 zlwk suredelolw| ￿ 5 ^3>4‘> zkhuh ￿ lv dq lqlwldo
hohfwrudo sroo1 Wklv irupdoo| fruuhvsrqgv wr wkh fdvh zkhuh ￿f ￿ ￿Z/ wkdw lv d surgxfw
phdvxuh zlwk ghqvlw| ￿ +vxfk wkdw ￿Ziy+{, @4 j @ ￿ iru doo { 5 V,1 Khqfh/ li yrwhuv*
ehkdylrxu lv qrlv|/ dq hohfwrudo sroo dydlodeoh dw wlph W @3grhv qrw kdyh dq| h￿hfw
rq wkh dv|pswrwlf surshuwlhv ri wkh surfhvv1 Lq dq dqdorjrxv pdqqhu/ d sroo dydlodeoh
d wd￿ q l w hs r l q wl qw l p h3 ?W?4 wkdw lv wdnhq lqwr dffrxqw +zlwk zhljkw 3 ?￿￿ 4,
e| doo yrwhuv dw dq| wlph wAWgrhv qrw d￿hfw wkh hujrglflw| surshuwlhv ri wkh surfhvv1
48Krzhyhu/ dv ghwdlohg lq wkh surri/ li vrph vwulfwo| srvlwlyh zhljkw +3 ?￿?4, lv jlyhq
wr dq lqirupdwlyh sroo lq wkh yrwhuv* dvvhvvphqwv/ wkh uhyhuvlelolw| surshuwlhv xsrq
zklfk wkh ixoo fkdudfwhul}dwlrq uholhv idlo wr krog1
Dv wkh olplw glvwulexwlrq +7, kdv ixoo vxssruw/ hdfk ri wkh srvvleoh frq￿jxudwlrqv
ri rslqlrqv lq wkh srsxodwlrq fdq eh revhuyhg lq wkh olplw1 Krzhyhu/ lw lv fohdu iurp
wkh deryh irupxodwlrq wkdw vrph frq￿jxudwlrqv duh pruh olnho| wr eh revhuyhg wkdq
rwkhuv1 Wr vhh wklv/ frqvlghu wkh rqh0glphqvlrqdo fdvh/ zkhuh wkh ixqfwlrq ￿ l vdp h u h
uh0sdudphwul}dwlrq ri wkh prgho1 Dv wkh vxp ri zklfk lq wkh vtxduh eudfnhwv ri +7, lv
wdnhq ryhu doo frxsohv ri qhduhvw qhljkerxuv/ dqg dv wkh dgghqgxp lv htxdo wr rqh li
dqg rqo| li y+{, @ y+|,/ wkh wzr frq￿jxudwlrqv zklfk duh pruh olnho| wr eh revhuyhg
duh wkrvh zkhuh hyhu| yrwhu fkrrvhv h{dfwo| wkh vdph rslqlrq/ l1h1 yf dqg y￿1 Vlqfh/
lq wkh rqh glphqvlrqdo fdvh/ +7, lv frqwlqxrxv lq wkh sdudphwhu￿￿ p/ wklv suryhv wkh
qh{w Fruroodu|1
Fruroodu| 5 Frqvlghu y?S
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Wkh lqwhusuhwdwlrq ri wkh deryh Fruroodu| lq rxu prgho lv wkh iroorzlqj1 Wdnlqj
d olplw iru p $4phdqv vwxg|lqj zkdw kdsshqv zkhq d yrwhu vdpsohv dq lq￿qlwh
qxpehu ri revhuydwlrqv1 Revhuydwlrqv duh rslqlrqv udqgrpo| jdwkhuhg lq wkh qhljk0
erxukrrg dqg wkh lqwhusuhwdwlrq zh kdyh lq plqg lv wkdw hdfk ri wkhvh surylghv wkh
yrwhu zlwk vrph ixuwkhu lqirupdwlrq derxw wkh vwdwh ri wkh v|vwhp dw wkh wlph dw
zklfk +v,kh irupv dq rslqlrq1 Hujrglflw| euhdnv grzq rqo| lq wkh olplw/ dv wkh wudq0
vlwlrq suredelolwlhv ri zklfk lq Gh￿qlwlrq 6 ehfrph glvfrqwlqxrxv lq wkh sdudphwhu
s/d vp jurzv wr lq￿qlw|1 Wkh phvvdjh wkdw wkh deryh uhvxow frqyh|v lv wkdw/ dv|ps0
wrwlfdoo|/ zh duh pruh olnho| wr revhuyh d frq￿jxudwlrq ri krprjhqhrxv rslqlrqv lq
wkh srsxodwlrq/ gxh wr wkh xqghuo|lqj v|pphwulhv wkdw wkh surfhvv vdwlv￿hv￿e1
Jlyhq wkhvh dv|pswrwlfv +dqg jlyhq wkdw hohfwlrqv w|slfdoo| wdnh sodfh dw d ￿qlwh/
udwkhu wkdq lq￿qlwh/ wlph,/ zkdw zh zrxog olnh wr nqrz lq pruh ghwdlo lv zkdw kdsshqv
dorqj wkh g|qdplfv ri wkh surfhvv1 Lq sduwlfxodu zh zrxog olnh wr jdwkhu vrph ixuwkhu
xqghuvwdqglqj ri wkh zd| wkh surfhvv hyroyhv/ zkhq wkh ehkdylrxu ri yrwhuv lv qrw
gulyhq e| odfn ri lqirupdwlrq derxw wkh fxuuhqw frq￿jxudwlrq ri rslqlrqv lq wkh
49qhljkerxukrrg1 Dv zh vkdoo vhh/ lw lv h{dfwo| lq wklv vhwwlqj wkdw wkh lpsruwdqfh ri
dq hohfwrudo sroo lq vkdslqj wkh g|qdplfv ehfrphv uhohydqw1
Wkh Wkhruhp wkdw iroorzv hvwdeolvkhv wkdw wklv olqh fdq eh sxuvxhg dqg wkdw wkh
uhvxowlqj surfhvv lv h{dfwo| wkh surfhvv yS+p,/ iru zklfk wkh dv|pswrwlf ehkdylrxu lv
ixoo| fkdudfwhul}hg1
Wkhruhp 6 Frqvlghu y?S+p, dqg yS+p, dv lq Gh￿qlwlrq +6,1
41 Iru doo g/ iru doo ￿ dqg iru doo ￿A/ yS+4, @ y?S+4, dv lq Gh￿qlwlrq +6,1
Vxssrvh g @4dqg/ iru ￿f 5 ^3>4‘> ohw ￿f ￿ ￿Zf eh wkh surgxfw phdvxuh zlwk
ghqvlw| ￿f/ l1h1 ￿Zfiy+{, @4 j @ ￿f iru doo { 5 V1 Vxssrvh ixuwkhu wkdw/ dw
w @3 / ￿ @3 1 Wkhq/ iru doo p/ wkh surfhvv yS+p, lv vxfk wkdw=
51 Li ￿ @4iru doo wA3> wkhq=
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61 Li ￿ 5 +3>4, iru doo wA3> wkhq wkh surfhvv lv hujrglf1
Li ￿A @4+yv1 ￿A @3 ,/ wkhq iru wAW=
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Surri1 Vhh Dsshqgl{1
Sduw 41 vkrzv wkdw wkh surfhvv yS
| fdq eh lqwhusuhwhg dv d olplwlqj fdvh ri wkh
surfhvv y?S
| = Wklv lv vlpso| gxh wr wkh idfw wkdw/ dv zh douhdg| phqwlrqhg lq Vhfwlrq 5/
qrlv| frqiruplvw yrwhuv dssur{lpdwh frqiruplvw yrwhuv iru wkh qxpehu ri revhuydwlrqv
jurzlqj odujh1
Sduw 51 vwdwhv vrph uhohydqw surshuwlhv ri wkh sxeolf rslqlrq surfhvv zkhq yrwhuv
duh frqiruplvw dqg rqo| dq lqlwldo hohfwrudo sroo lv pdgh dydlodeoh1 Lq wklv fdvh wkh
surfhvv lv fohduo| sdwk0ghshqghqw/ vlqfh erwk frq￿jxudwlrqv zkhuh doo yrwhuv dgrsw
wkh vdph rslqlrq duh lqyduldqw iru wkh surfhvv1 Pruhryhu/ wkhvh duh wkh rqo| wzr
lqyduldqw phdvxuhv iru wkh surfhvv1 Wklv lv uhohydqw iru rxu sxusrvhv ehfdxvh lw vkrzv
wkdw wkh h{wuhph lqyduldqw phdvxuhv ri yS duh h{dfwo| wkrvh wr zklfk y?S froodsvhv iru
p $4 1
Wkh vhfrqg uhdvrq zk| Sduw 51 lv uhohydqw lv wkdw lw ixoo| lghqwl￿hv wkh edvlqv ri
dwwudfwlrq ri hdfk ri wkh wzr lqyduldqw phdvxuhv lq whupv ri wkh lqlwldo hohfwrudo sroo1
4:Wkh lqlwldo sxeolf dvvhvvphqw ri wkh suredelolw| zlwk zklfk d fdqglgdwh zloo zlq wkh
hohfwlrq ixoo| lghqwl￿hv wkh vhw ri lqlwldo frqglwlrqv wkdw ohdg wkh surfhvv ri sxeolf
rslqlrq wr dv|pswrwlfdoo| vkrz xqlirup djuhhphqw rq wkdw fdqglgdwh1
Wkh wklug uhdvrq zk| Sduw 51 lv lqwhuhvwlqj lv wkdw lw vkrzv wkdw/ dorqj wkh
g|qdplfv/ wkh surfhvv vkrzv frqvhqvxv/ lq wkdw li zh orrn dw dq| srvvleoh frxsoh ri
yrwhuv/ { dqg | lq V/ wkh suredelolw| wkdw wkh| fkrrvh gl￿huhqw rslqlrqv dssurdfkhv
}hur dv|pswrwlfdoo|=
olp
|<"
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Fohduo|/ iru dq| ￿f 5 +3>4,/ hdfk vlqjoh yrwhu pd| fkdqjh khu ru klv rslqlrq
lq￿qlwho| pdq| wlphv +dv olp|<" y|+{, grhv qrw qhfhvvdulo| h{lvw,1 Krzhyhu/ dv d
uhvxow ri wkh deryh frqvlghudwlrqv/ wkh revhuyhg iuhtxhqflhv ri lqglylgxdov fkrrvlqj
wkh vdph rslqlrq jurzv/ lq suredelolw|/ ryhu wlph1
Sduw 61 ghvfulehv wkh h￿hfwv ri dq hohfwrudo sroo dydlodeoh dw vrph ￿qlwh srlqw lq
wlph W/ dqg dffrxqwhg iru e| yrwhuv iurp wkhq rq +vlqfh ￿ 5 +3>4,,> rq wkh g|qdplfv
ri wkh surfhvv ri sxeolf rslqlrq1 Li wkh sroo lv wuhdwhg vwrfkdvwlfdoo| e| hdfk vlqjoh
yrwhu/ wklv lqwurgxfhv d ixuwkhu suredelolvwlf frpsrqhqw lq yrwhuv* ehkdylrxu/ vlqfh/
iru h{dpsoh/ d frqiruplvw yrwhu zkr lv vxuurxqghg e| rslqlrq 4v/ frxog vwloo fkrrvh
rslqlrq 3 rq wkh jurxqgv wkdw fdqglgdwh 3 lv idyrxuhg e| wkh sroo1 Krzhyhu/ dv vkrzq
lq wkh surri/ wklv djjuhjdwh surfhvv lv vwloo dwwudfwlyh/ vlqfh wkh suredelolw| ri fkrrvlqj
dq rslqlrq lv lqfuhdvlqj lq wkh qxpehu ri qhljkerxuv grlqj vr1 Khqfh hujrglflw| lv
jxdudqwhhg e| wkh vdph dujxphqw xvhg lq wkh surri ri Wkhruhp 41
Lqwhuhvwlqj fdvhv dulvh zkhq ￿A @ i3>4j= Lq wklv fdvh/ dv dvvhuwhg e| Sduw 61/
wkh ehkdylrxu ri wkh surfhvv ri sxeolf rslqlrq irupdwlrq lv vxevwdqwldoo| dowhuhg/ lq
wkdw wkh vwdwh wkdw vkrzv frqvhqvxv dqg djuhhv zlwk wkh odvw dydlodeoh hohfwrudo sroo
ehfrphv d wuds iru wkh surfhvv1 Wklv dprxqwv wr vd|lqj wkdw vwduwlqj iurp dq| wlph0
W glvwulexwlrq/ ￿A/w k holp|<"y
>A
| +{, h{lvwv/ phdqlqj wkdw hdfk yrwhu pd| fkdqjh
rslqlrq rqo| ￿qlwho| pdq| wlphv/ dqg zloo hyhqwxdoo| fkrrvh wkh edoorw wkdw idyrxuv wkh
zlqqlqj fdqglgdwh/ dvvhvvhg e| wkh hohfwrudo sroo1 Wklv ohdgv wr d irup ri frqwdjlrq
lq wkh djjuhjdwh/ dv=
Su^ olp
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phdqlqj wkdw li wkh odvw sroo dydlodeoh lghqwl￿hv fdqglgdwh 4 dv wkh zlqqlqj fdqglgdwh/
Su^olp|<" y|+{, @4iru doo { lq V‘@4 =
4;Rxu dlp lv qrz wr fkdudfwhul}h pruh lq ghwdlo krz wklv frqvhqvxv +lq wkh fdvh ri
d sroo rqo| dydlodeoh dv lqlwldo frqglwlrq, ru frqwdjlrq +zkhq d sroo lv dydlodeoh dqg
dffrxqwhg iru e| yrwhuv dw dq| vxevhtxhqw wlph, rffxuv dorqj wkh g|qdplfv1
Dv rxu surfhvvhv duh gh￿qhg lq wkh wzr glphqvlrqv ri wlph dqg vsdfh/ zh vkdoo ￿qg
lw xvhixo wr uhodwh wkhvh wzr glphqvlrqv lq d vsdfh0wlph dqdo|vlv1 Lq sduwlfxodu/ zh
dlp dw fkdudfwhul}lqj d foxvwhulqj surfhvv/ e| uho|lqj rq wkh orfdo vshfl￿fdwlrq ri wkh
prgho1 Zlwk wkh whup ￿foxvwhu￿ zh phdq d frqqhfwhg jurxs ri lqglylgxdov kroglqj
wkh vdph rslqlrq/ wkdw lv wkh ohqjwk ri d vhjphqw zlwk doo frqqhfwhg lqglylgxdov ri
wkh vdph rslqlrq1 Lq rughu wr vhh krz wkh vl}h ri d foxvwhu lqfuhdvhv zlwk wlph/
zh vkdoo odwhu h{suhvv wkh ohqjwk ri d foxvwhu dv d ixqfwlrq ri w1 Irupdoo|/ jlyhq d
frq￿jxudwlrq/ y/z hg h ￿ q hdfoxvwhu dv wkh frqqhfwhg frpsrqhqwv ri i{ = y+{, @3 j
ru i{ = y+{, @4 j> wkh vl}h ri d foxvwhu ri rqhv lq d vhjphqw ri vlgh o durxqg wkh ruljlq
dv=
m y, m@mi { = y+{, @4 >{ 5 ^￿o>o‘jm
dqg wkh phdq foxvwhu vl}h ri y durxqg wkh ruljlq dv=
F+y, @ olp
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cqxpehu ri foxvwhuv ri y lq ^￿o>o‘*
zkhqhyhu wklv olplw h{lvwv1
Jlyhq wkh dv|pswrwlfv ghvfulehg lq Wkhruhp 6/ zh douhdg| nqrz wkdw wkh phdq
foxvwhu vl}h whqgv wr jurz lqgh￿qlwho|1 Wkh uhvxow wkdw iroorzv surylghv vrph lqirupd0
wlrq dv wr wkh udwh ri jurzwk ri wkh phdq foxvwhu vl}h lq wkh wzr fdvhv vwxglhg lq Sduw
51 +frqvhqvxv,d q gS d u w6 1+ frqwdjlrq, ri Wkhruhp 61 Lq sduwlfxodu lw vkrzv wkdw wkh
udwh ri jurzwk ri wkh phdq foxvwhu vl}h ri wkh surfhvv ri sxeolf rslqlrq zkhq d sroo
lv dydlodeoh dw vrph ￿qlwh wlph W dqg dffrxqwhg iru e| wkh yrwhuv dw dq| vxevhtxhqw
wlph lv kljkhu wkdq wkh udwh ri jurzwk ri wkh phdq foxvwhu vl}h lq wkh fdvh zkhuh d
sroo lv rqo| dydlodeoh dv lqlwldo frqglwlrq1
Uhpdun 4
d1 Xqghu wkh vdph dvvxpswlrqv dv lq Sduw 51 ri Wkhruhp 6/ dqg iru ￿f 5 +3>4,/w k h
phdq foxvwhu vl}h/ F
>Zf+y|,/ jurzv lq suredelolw| dw udwh
s
w/ lq wkh vhqvh wkdw=
F
>Zf+y|,
w￿*2 $R N
zkhuh N lv d srvlwlyh frqvwdqw ghshqglqj rq ￿f1
4<e1 Xqghu wkh vdph dvvxpswlrqv dv lq Sduw 61 ri Wkhruhp 6/ iru ￿f 5 +3>4, dqg
￿A @4 / wkh vl}h ri d foxvwhu ri rqhv durxqg wkh ruljlq/ jurzv lq suredelolw| dw
ohdvw dw udwh w/ lq wkh vhqvh wkdw/ iru wAWA3=
m y| m
w￿ $R 4
iru ￿?41
Surri1
d1 Xqghu wkh dvvxpswlrqv ri Sduw 51 ri Wkhruhp 6/ rxu prgho uhsurgxfhv wkh
g|qdplfv ri d prgho nqrzq lq wkh suredelolvwlf olwhudwxuh dv wkh Yrwhu*v prgho1 Rq
wkhvh jurxqgv/ vwdwhphqw d1 lv suryhg lq Eudpvrq dqg Jul￿hdwk +4<;3,1 Lq idfw/
Wkhruhp :/ s1 544 ri wkdw sdshu dovr surylghv wkh iroorzlqj hvwlpdwh iru wkh orzhu
dqg xsshu erxqg ri wkh olplw h{shfwhg ydoxh ri wkh deryh txdqwlw|=
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zkhuh ￿f lv wkh lqlwldo sroo dqg +xqiruwxqdwh qrwdwlrq, ￿ @6 =4749=
e1 Wkh vhfrqg vwdwhphqw lv suryhg lq wkh Dsshqgl{1
Wkh vhfrqg vwdwhphqw lq wkh deryh Uhpdun dvvhuwv wkdw zkhqhyhu wkh dydlodeoh
sroo lv wdnhq lqwr dffrxqw e| yrwhuv dw dq| wlph dq rslqlrq lv wr eh irupxodwhg
+dqg khqfh wkh rslqlrq wkdw idyrxuv wkh zlqqlqj fdqglgdwh dv dvvhvvhg e| wkh sroo
sursdjdwhv lq d irup ri frqwdjlrq, wkh phdq foxvwhu vl}h jurzv dw ohdvw dw d olqhdu
udwh1 Wklv lv lq hvvhqfh gxh wr wkh idfw wkdw/ eh|rqg kdylqj dq lqlwldo h￿hfw/ wkh
sroo dovr gluhfwo| d￿hfwv wkh udwh dw zklfk hdfk yrwhu dgrswv dq rslqlrq lq vxssruw
ri wkh fdqglgdwh idyrxuhg e| wkh sroo1 Wklv ghwhuplqhv d ixqgdphqwdo dv|pphwu|
lq wkh udwh ri jurzwk ri wkh foxvwhu vl}h1 Wkh lqwxlwlrq iru zk| wklv lv wuxh lv wkh
iroorzlqj1 Vxssrvh wkh sroo idyrxuv fdqglgdwh 4 dqg frqvlghu d foxvwhu ri rslqlrq 4v1
Zkdw ghwhuplqhv wkh udwh ri jurzwk ri vxfk foxvwhu lv zkdw kdsshqv dw wkh ohiw dqg
uljkw erughu ri wklv foxvwhu1 Wkh uljkw erughulqj 4 dqg khu uljkw erughulqj 3 idfh dq
lghqwlfdo glvwulexwlrq ri rslqlrq zlwklq wkhlu uhvshfwlyh qhljkerxukrrg dqg/ lq wkh
devhqfh ri d sroo/ zrxog eh htxdoo| olnho| wr fkdqjh wkhlu rslqlrq1 Krzhyhu/ vlqfh
wkh sroo idyrxuv fdqglgdwh 4 dqg vlqfh wklv lv jlyhq d srvlwlyh zhljkw +4 ￿ ￿A3,l q
wkh rslqlrq irupdwlrq surfhvv/ wkh udwh dw zklfk wkh uljkw qhljkerxulqj 3  lsv wr 4
lv kljkhu wkdq wkh udwh dw zklfk wkh uljkw erughulqj 4  lsv wr 31 Khqfh/ lq h{shfwhg
whupv/ wkh foxvwhu lv jrlqj wr lqfuhdvh1
53Wkh deryh uhdvrqlqj idlov wr krog lq wkh fdvh zkhuh wkh sroo kdv rqo| dq lqlwldo
h￿hfw rq wkh surfhvv ri sxeolf rslqlrq/ vlqfh wkh erughuv ri d foxvwhu ehkdyh lq d
shuihfwo| v|pphwulf zd|1 Lq wklv fdvh/ zkhqhyhu wkh prgho vkrzv frqvhqvxv/ wkh
￿uvw vwdwhphqw ri wkh deryh Uhpdun dvvhuwv wkdw/ dv w jhwv odujh/ wkh odujhvw vhjphqw
frqwdlqlqj doo lqglylgxdov fkrrvlqj wkh vdph rslqlrq/ kdv vlgh ri suredelolw| rughu
s
w1 Dv d uhvxow/ iru w yhu| odujh/ vxfk foxvwhu whqgv wr eh doprvw vwdwlrqdu|/l qw k h
vhqvh wkdw wkh udwh dw zklfk lw fkdqjhv lv vorzhu wkdq wkh udwh dw zklfk wlph fkdqjhv1
Wklv dprxqwv wr vd|lqj wkdw/ dowkrxjk wkh surfhvv zh dqdo|}h grhv qrw dgplw dq|
vwdwlrqdu| glvwulexwlrq zkhuh erwk rslqlrqv fr0h{lvw lqgh￿qlwho| +wklv lv uxohg rxw e|
Sduw 51 ri Wkhruhp 6,/ dq| vxfk frq￿jxudwlrq fdq lqghhg eh revhuyhg dorqj wkh
g|qdplfv/ dqg zkhq ylhzhg orfdoo|/ uhpdlqv doprvw vwdwlrqdu|1
7 Vrph uhpdunv rq wkh doorfdwlrq ri ixqglqjv lq dq hohf0
wrudo fdpsdljq
Dv wkh g|qdplfv zh vwxglhg duh vshfl￿hg ryhu wlph dqg ryhu vsdfh/ qdwxudo txhvwlrqv
wr eh dgguhvvhg uhodwh wr wkh rswlpdo vsdwldo doorfdwlrq ri ixqglqj lq dq hohfwrudo
fdpsdljq +l1h1 dprqj gl￿huhqw glvwulfwv ru gl￿huhqw vwdwhv,/ dv zhoo dv wr wkh rswlpdo
wlplqj ri vxfk doorfdwlrq +l1h1 ehwzhhq wkh wlph zkhq wkh hohfwlrqv duh fdoohg dqg
wkh wlph mxvw ehiruh wkh hohfwlrqv duh dfwxdoo| khog,1 Dowkrxjk d irupdo wuhdwphqw ri
wkhvh lqwhuhvwlqj txhvwlrqv zduudqwv ixwxuh uhvhdufk/ lq zkdw iroorzv zh hoderudwh rq
wkh lqvljkwv wkdw wkh prgho zh vwxglhg lq wklv sdshu surylghv1
Wkh ￿uvw wklqj wkdw doo vshfl￿fdwlrqv ri rxu prgho vkrz lv wkdw wkh vsdwldo glv0
wulexwlrq ri yrwhv pdwwhuv lq wkh orqj uxq/ dv zhoo dv lq wkh vkruw uxq1 Lq sduwlfxodu/
vlpso| e| orrnlqj dw wkh olplw glvwulexwlrq iru wkh hujrglf surfhvv jhqhudwhg e| wkh
g|qdplfv ri wkh qrlv| frqiruplvw yrwhuv prgho/ dv lq Wkhruhp 4/ lw lv hdv| wr vhh
wkdw wkh olplw suredelolw| ri hdfk frq￿jxudwlrq ghshqgv rq wkh rslqlrqv fkrvhq lq lwv
frqqhfwhg frpsrqhqwv/ dqg qrw rq wkh iuhtxhqf| zlwk zklfk rslqlrqv duh dgrswhg
lq wkh srsxodwlrq1 Iru h{dpsoh/ lq d rqh0glphqvlrqdo vhwwlqj/ frqvlghu wzr frq￿jx0
udwlrqv/ y?S
￿ dqg y?S
￿ / lghqwlfdo dw doo vlwhv dsduw iurp wkh vlwhv i{￿ 5>{￿4>{>{.4j
zklfk duh dv iroorzv=
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y￿ = ==== y+{ ￿5, @4 y+{ ￿4, @4 y+{, @3 y+{ .4, @3 ====
Iurp Wkhruhp 4 zh lqihu wkdw wkh olplw suredelolwlhv ri wkhvh frq￿jxudwlrqv +zkhuh
54wkh iuhtxhqflhv ri 4v lv h{dfwo| wkh vdph, duh uhvshfwlyho|=
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Frq￿jxudwlrq y￿ lv jlyhq kljkhu suredelolw|/ dv pruh frruglqdwhv djuhh zlwk wkhlu
qhljkerxulqj frruglqdwhv1 Wkhvh frqvlghudwlrqv fohduo| uhodwh wr wkh orqj0uxq glvwul0
exwlrq ri wkh surfhvv/ exw wkh lqvljkw dssolhv wr lwv g|qdplfv dv zhoo/ dv fdq eh vhhq
e| orrnlqj dw wkh g|qdplfv ri wkh vshfl￿fdwlrq ri wkh prgho lq whupv ri frqiruplvw
yrwhuv/ wr zklfk zh irfxv qh{w1
Pxfk ri wkh ghvfulswlyh dqg qrupdwlyh olwhudwxuh rq hohfwlrqv lq srolwlfdo vflhqfh
lghqwl￿hv dw ohdvw wzr dowhuqdwlyh edvlf uxohv wkdw d fdqglgdwh pd| iroorz zkhq ghflg0
lqj zkhuh wr doorfdwh uhvrxufhv +lq whupv ri prqh|/ dv zhoo dv wlph vshqw fdpsdljqlqj,
dprqj gl￿huhqw frqvwlwxhqflhv ru vwdwhv1 Wkh ￿uvw srvlwv wkdw d fdqglgdwh vkrxog do0
orfdwh fdpsdljq uhvrxufhv urxjko| lq sursruwlrq wr wkh hohfwrudo yrwhv ri hdfk vwdwh
+Eudpv dqg Gdylv +4<:7,,1 Wkh vhfrqg vxjjhvwv wkdw fdqglgdwhv vkrxog prvwo| eh
frqfhuqhg zlwk wkh olnholkrrg wkdw uhvrxufhv fdq vzlqj d vwdwh iurp rqh fdqglgdwh wr
dqrwkhu/ dqg e| wklv dgyrfdwhv d frpshwlwlyh doorfdwlrq ri uhvrxufhv wr eh gluhfwhg
wr wkh cpdujlqdo* vwdwhv +Frodqwrql hw do1 +4<:7,,1 Zlwk vrph khurlf vlpsol￿fdwlrqv/
zh fdq wudqvodwh wkhvh wzr dowhuqdwlyhv lqwr wkh vhw0xs ri rxu prgho/ e| dvnlqj wkh
iroorzlqj txhvwlrq= vxssrvh d fdqglgdwh kdg wkh srvvlelolw| wr ex| rqh yrwh +l1h1 wr
ex| wkh vxssruw ri rqh yrwhu,/ zrxog +v,kh udwkhu gr vr zlwklq d foxvwhu ri yrwhuv
zkr vxssruw wkh rwkhu fdqglgdwh/ ru h{dfwo| dw wkh erughu ri d foxvwhuB Lw wxuqv rxw
wkdw/ hyhq lq wkh devhqfh ri d sroo/ rxu prgho vxjjhvwv wkdw wkh ehvw dowhuqdwlyh lv
wklv odwwhu srvvlelolw|1 Wr vhh wklv/ frqvlghu wkh iroorzlqj frq￿jxudwlrq/ y/ wkdw kdv d
erughu dw {/ lq wkdw y+{ ￿ 4, 9@ y+{,=
==== y+{ ￿ 5, @4 y+{ ￿ 4, @4 y+{, @3 y+{ .4 , @3 y+{ .5 , @3 ====
Vxssrvh/ iru vlpsolflw|/ wkdw wkh surfhvv lv vwduwhg ghwhuplqlvwlfdoo| dw frq￿jx0
udwlrq y1 Lq wklv fdvh wkh gxdolw| htxdwlrq +43, +vhh wkh surri ri Wkhruhp 5 lq wkh
Dsshqgl{, vwdwhv wkdw wkh suredelolw| wkdw vwduwlqj iurp frq￿jxudwlrq y/ wkh yrwhu
dw vlwh { vxssruwv fdqglgdwh 4 lv= H￿y|+{, @
S
+ s|+{>|,y+|,/ zklfk/ dssolhg wr wkh
vxevhw i{ ￿4>{>{.4j> ehfrphv=
H￿^y|+{￿4,.y|+{,.y|+{.4,‘@
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Wkh deryh suredelolwlhv duh jlyhq h{solflwo| lq htxdwlrq +<,/ dqg lw lv qrw gl!fxow
wr vhh wkdw/ iru dq| ￿qlwh w/ vlqfh s|+{>{ . m, @ s|+{>{ ￿ m, iru dq| m ￿ 4 dqg vlqfh
55sEf￿+{>{ .4, @ sEf￿+{>{ ￿4, @ ￿
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irupdol}lqj wkh idfw wkdw d yrwhu*v rslqlrq lv pruh vwurqjo| d￿hfwhg e| wkh rslqlrqv
khog lq wkh qhljkerxukrrg wkdq e| rslqlrqv khog ixuwkhu dzd|1
Li zh wdnh lqwr dffrxqw ri wklv idfw/ dqg zh ghqrwh s|+{>{.4, dv s/ zh fdq uh0zulwh
wkh deryh htxdwlrq dv=
H￿^y|+{ ￿4, .y|+{,. y|+{ .4 ,‘ ￿ s^y+{ ￿ 5, . y+{ ￿4, .5y+{, . y+{ .4 , . y+{ .5,‘
@ s^4.4.5y+{, . y+{ .4, .y+{ .5,‘
Khqfh/ e| ex|lqj wkh yrwh ri yrwhu {/ fdqglgdwh 4 lqfuhdvhv wkh suredelolw| wkdw
dw wlph w yrwhuv lq i{ ￿ 4>{>{.4 j vxssruw khu ru klp e| wzlfh dv pxfk dv +v,kh
zrxog gr e| ex|lqj wkh yrwh ri yrwhu {.4ru yrwhu {.51 Wklv lv ehfdxvh e| prylqj
wkh erughu ri d foxvwhu e| rqh yrwhu/ wkh fdqglgdwh jxdudqwhhv vwdelolw| ri wkh duhd
lqvlgh wkh foxvwhu/ wkdw ehlqj lqzdug orrnlqj lv qrw vr h{srvhg wr vxgghq vzlqjv lq
rslqlrqv1
Wkh lpsruwdqfh ri hohfwrudo sroo/ ru dqdorj txdqwl￿deoh phvvdjhv wkdw fdqglgdwhv
pd| vhqg wr wkh hohfwrudwh/ duh pdgh txlwh fohdu lq wkh pdlq uhvxowv ri wklv sdshu1 Li
yrwhuv ehkdylrxu lv d￿hfwhg e| vrph qrlvh +lq wkh vshfl￿fdwlrq ri wkh prgho lq whupv ri
qrlv| frqiruplvw yrwhuv dqg lq wkh uhvxowv ri Wkhruhp 4,/ wkh h￿hfw ri dq hohfwrudo sroo
lv vrphzkdw olplwhg/ vlqfh wkh qrlv| frpsrqhqw ri sulydwh lqirupdwlrq jdwkhulqj gh
idfwr ghwhuplqhv wkh dv|pswrwlf surshuwlhv ri wkh surfhvv/ dqg wkhvh duh rqo| sduwldoo|
d￿hfwhg e| d sroo1 Krzhyhu/ li dqg zkhq yrwhuv* ehkdylrxu lv qrw qrlv|/ ru lq dq| fdvh
zkhq vxfk qrlvh glvdsshduv lq wkh olplw +dv lq wkh vshfl￿fdwlrq ri wkh prgho lq whupv
ri frqiruplvw yrwhuv,/ wkh lpsruwdqfh ri d sroo ehfrphv sdudprxqw1 Hyhq li vxfk
phvvdjh lv rqo| wdnhq lqwr dffrxqw dw dq hduo| vwdjh ri wkh hohfwrudo fdpsdljq dqg
glvuhjdughg e| yrwhuv iruhyhu diwhu +dv lq Wkhruhp 6/ Sduw 51,/ gxh wr wkh xqghuo|lqj
prqrwrqlflw| surshuwlhv ri wkh surfhvv ri sxeolf rslqlrq/ wkh sroo ghwhuplqhv wkh
edvlqv ri dwwudfwlrq ri wkh wzr olplw glvwulexwlrqv wkdw/ zh uhfdoo/ vkrz frqvhqvxv/ dv
zhoo dv wkh orzhu dqg xsshu erxqg ri wkh h{shfwhg plqlpxp foxvwhu vl}h +Uhpdun 4/
vwdwhphqw d1,1 Khqfh wkh prgho vxjjhvwv wkdw zkdw kdsshqv dw wkh yhu| ehjlqqlqj ri
dq hohfwrudo fdpsdljq kdv d yhu| vwurqj h￿hfw rq lwv odwhu ghyhorsphqwv/ dqg udlvhv
wkh lqfhqwlyh iru d fdqglgdwh wr lqyhvw fdpsdljq uhvrxufhv rq zkdwhyhu lv ghhphg
wr kdyh dq| srzhu wr d￿hfw wkh lqlwldo glvwulexwlrq1 Orrvho| vshdnlqj/ d yhu| jrrg
rshqlqj vshhfk lq dq hohfwrudo fdpsdljq/ ru vrph sulpdu| uhvxowv/ kdyh d orqj odvwlqj
56h￿hfw rq wkh surfhvv ri sxeolf rslqlrq= dowkrxjk wkh| gr qrw ghwhuplqh wkh ￿qdo
rxwfrph +vlqfh wkh surfhvv lv sdwk0ghshqghqw,/ wkh| gluhfwo| d￿hfw wkh suredelolw|
zlwk zklfk d fdqglgdwh dfklhyhv xqlirup vxssruw lq wkh hohfwrudwh1
Li wkh sroo lv uhshdwhgo| wdnhq lqwr dffrxqw e| yrwhuv lq wkhlu rslqlrq irupdwlrq
surfhvv/ wkhq lw qrw rqo| vlqjohv rxw rqh frq￿jxudwlrq dv wkh rqo| dv|pswrwlf rxwfrph
+Wkhruhp 6/ Sduw 61,/ exw lw dovr lqfuhdvhv wkh udwh dw zklfk vxssruw jurzv lq wkh
srsxodwlrq +Uhpdun 4, iurp
s
w wr dw ohdvw w1 Wklv fohduo| hpskdvl}hv wkh lpsruwdqfh
ri wkh odvw hohfwrudo sroo lq dq hohfwrudo fdpsdljq dqg irupdol}hv dq lqfhqwlyh/ rq wkh
sduw ri fdqglgdwhv/ wr lqyhvw uhvrxufhv lq surgxflqj d odvw hohfwrudo sroo/ dv forvh dv
srvvleoh wr wkh gdwh ri wkh hohfwlrqv1
D ixuwkhu lqvljkw wkdw wkh prgho surylghv uhodwhv wr wkh rswlpdo wlplqj ri uhvrxufh
doorfdwlrqv lq dq hohfwrudo fdpsdljq1 Dv zh vkrzhg ehiruh/ lq wkh frqiruplvw yrwhu
prgho zkhq rqo| dq lqlwldo sroo lv pdgh dydlodeoh/ wkh surfhvv lv sdwk0ghshqghqw/ dv lwv
orqj uxq ehkdylrxu ghshqgv fuxfldoo| rq wkh lqlwldo glvwulexwlrq1 Dorqj wkh g|qdplfv/
lq wkh devhqfh ri dq| ixuwkhu sroo/ foxvwhuv hphujh dqg duh doprvw vwdwlrqdu| zkhq
ylhzhg orfdoo|/ vlqfh wkhlu udwh ri jurzwk lv ri suredelolw| rughu
s
w= Lw lv lqvwuxfwlyh
wr lqwhusuhw wkh qxphulfdo orzhu dqg dq xsshu erxqg dydlodeoh iru wkh h{shfwhg phdq
foxvwhu vl}h1 Wr wklv dlp/ frqvlghu d surfhvv wkdw vwduwv zlwk dq lqlwldo glvwulexwlrq
zkhuh hdfk yrwhu fkrrvhv rslqlrq 4 zlwk suredelolw|/ vd|/ ￿ @3 =8= Dv fkrlfhv duh
lqlwldoo| lqghshqghqw/ fohduo|/ dw wlph }hur/ wkh suredelolw| ri revhuylqj d foxvwhu ri
n @4 3 3yrwhuv zlwk wkh vdph rslqlrq lv 53￿ff1 Dv wkh surfhvv hyroyhv/ krzhyhu/
fkrlfhv vkrz d fhuwdlq dprxqw ri vsdwldo fruuhodwlrq1 Iru w $4wkh phdq foxvwhu
vl}h/ uh0vfdohg e|
s
w/ zloo frqyhujh wr d olplw wkdw olhv ehwzhhq 5
s
￿ @6 =877< dqg
7
s
￿ @: =3;<;1 Khqfh d foxvwhu ri n @ 433 yrwhuv frxog eh dssur{lpdwho| revhuyhg
dv hduo| dv diwhu w @4 < ; =<7/ dqg lv rq dyhudjh qrw jrlqj wr ydu| xqwlo w @ :<8=:;1
Lq rwkhu zrugv/ lq rughu wr revhuyh wkh foxvwhu vl}h wr grxeoh +vd| iurp n @ 433
wr n @ 533,/ wkh surfhvv qhhgv wr jr wkurxjk irxu wlphv dv pdq| shulrgv +vd| iurp
w ￿ 533 wr w ￿ ;33,1 Vlpsoh fdofxoxv vkrzv wkdw wkh orzhu dqg wkh xsshu erxqg ri wkh
+olplwlqj, phdq foxvwhu vl}h duh frqyh{ lq ￿ dqg v|pphwulf durxqg ￿ @3 =81 Khqfh
iru ￿ 9@3 =8 d foxvwhu ri d jlyhq phdq vl}h lv olnho| wr eh revhuyhg hduolhu wkdq li ￿ zdv
3=8 dqg lv olnho| wr cshuvlvw* iru d uhodwlyho| orqjhu vshoo ri wlph1 Khqfh/ frqglwlrqdo
rq d fdqglgdwh zlqqlqj wkh hohfwlrqv/ wkh kljkhu lv ￿/ wkh orzhu lv wkh qxpehu ri
wlph shulrgv wkdw duh qhfhvvdu| wr dfklhyh d jlyhq plqlpxp h{shfwhg foxvwhu vl}h ri
yrwhv lq khu ru klv idyrxu/ dqg wkh orqjhu lv wkh vshoo ri wlph zlwklq zklfk klv ru khu
hohfwrudo vxssruw lv jrlqj wr uhpdlq doprvw vwdwlrqdu|1 Khqfh/ li d fdqglgdwh frxog
57jdwkhu vrph lqirupdwlrq derxw wkh fxuuhqw glvwulexwlrq ri srwhqwldo yrwhv dqg li wklv
zdv idyrxudeoh wr khu ru klp/ wkhq ghod|lqj wkh gdwh ri wkh hohfwlrqv frxog kdyh d
ghwulphqwdo h￿hfw rq wkh rxwfrph1
Wkhvh odvw frqvlghudwlrqv vhhp wr vxjjhvw wkdw d olqhdu doorfdwlrq ri ixqglqj ryhu
wlph gxulqj dq hohfwrudo fdpsdljq pljkw qrw eh ixoo| dqg dozd|v rswlpdo/ vlqfh wkh
uhwxuqv lq whupv ri jurzlqj vxssruw lq wkh hohfwrudwh duh ghwhuplqhg e| wkh surshuwlhv
ri wkh g|qdplfv ri wkh surfhvv ri sxeolf rslqlrq dqg wkhvh pd| eh hqgrjhqrxvo|
d￿hfwhg e| fdqglgdwhv1 Lw lv krzhyhu fohdu wkdw frqvlghudwlrqv ri wklv vruw uhtxluh
dq h{solflw dffrxqw ri wkh vwudwhjlf lqwhudfwlrq ehwzhhq wkh wzr fdqglgdwhv/ zklfk dw
suhvhqw lv qrw sduw ri wkh prgho1
Dq lpsruwdqw dvvxpswlrq wkdw zh kdyh pdlqwdlqhg wkurxjkrxw doo ri wklv sdshu
lv wkdw yrwhuv duh krprjhqrxv lq wkhlu ehkdylrxu dqg wkh rqo| irup ri khwhurjhqhlw|
lq wkh rslqlrqv wkdw duh fkrvhq vwhpv hqgrjhqrxvo| iurp wkh frq￿jxudwlrq ri rwkhu
djhqwv* rslqlrqv dw wkh wlph fkrlfhv duh wr eh pdgh1 Rqh lpsruwdqw h{whqvlrq rqh
pd| frqvlghu lv wr doorz iru prghoohg khwhurjhqhlwlhv dprqj yrwhuv/ rwkhu wkdq wkrvh
vwhpplqj iurp wkh orfdo qdwxuh ri lqirupdwlrq1 Wklv lv sduwlfxoduo| lqwhuhvwlqj lq wkh
oljkw ri d uhfhqw olqh ri uhvhdufk lq wkh ￿hog ri Srolwlfdo Hfrqrp| wkdw irfxvhv rq wkh
vrfldo h￿hfwv ri suhihuhqfh idovl￿fdwlrq +W1 Nxudq +4<<:, surylghv d yhu| lqvljkwixo
vwxg|￿D,/ zkhuh wkh rslqlrq uhsruwhg lq sxeolf pd| qrw uh hfw wuxh suhihuhqfhv gxh
wr vrfldo suhvvxuhv ru shhu frqvlghudwlrqv1 Rxu prgho pd| fdswxuh vrph dvshfwv
shuwlqhqw wr wklv dssurdfk/ rqfh zh doorz iru khwhurjhqhrxv suhihuhqfhv dprqj yrwhuv1
Zh rxwolqh ehorz wzr zd|v lq zklfk wklv pd| rffxu1
Lq wkh ￿uvw fdvh zh dvvxph frqiruplvw yrwhuv/ orfdwhg rq d rqh0glphqvlrqdo odwwlfh
vdpsolqj rslqlrqv dprqj wkhlu qhduhvw qhljkerxuv dqg qr hohfwrudo sroo1 Wkh irup ri
khwhurjhqhlw| zh frqvlghu uhodwhv wr yrwhuv* ehkdylrxu zkhq idflqj dq htxdo glvwulex0
wlrq ri rslqlrqv zlwklq wkhlu qhljkerxuv= zkloh d frqiruplvw yrwhu dv lq rxu Gh￿qlwlrq
4 zrxog wrvv d idlu frlq/ qrz d w|sh04 yrwhu fkrrvhv rslqlrq 4/ zkloh d w|sh03 yrwhu
fkrrvhv rslqlrq 31 Wklv irupdol}hv wkh lghd wkdw shhu suhvvxuh duh vwurqj hqrxjk wr
ixoo| ghwhuplqh rslqlrqv iru d yrwhu zkr lv vxuurxqghg e| doo qhljkerxuv fkrrvlqj wkh
vdph rslqlrq/ exw wkdw lq wkh devhqfh ri d vwulfw pdmrulw| zlwklq wkh qhljkerxukrrg/
d yrwhu*v w|sh ghwhuplqhv rqh*v fkrlfh1 Wklv vhhplqjo| lqqrfhqw dv|pphwu| lq eh0
kdylrxu dowhuv vxevwdqwldoo| wkh dv|pswrwlfv ri wkh surfhvv ri sxeolf rslqlrq/ lq wkdw
dowkrxjk frqvhqvxv pd| vwloo rewdlq/ zkhqhyhu erwk w|shv h{lvw lq wkh srsxodwlrq
ri yrwhuv/ lq￿qlwho| pdq| frq￿jxudwlrqv zkhuh erwk rslqlrqv fr0h{lvw pd| dovr eh
devruelqj iru wkh g|qdplfv1 Wr vhh wklv qrwlfh wkdw d erughu ehwzhhq d foxvwhu ri dw
58ohdvw wzr rqhv dqg d foxvwhu ri dw ohdvw wzr }hurv/ zkhuh erughulqj yrwhuv duh d w|sh03
dqg d w|sh04 uhvshfwlyho|/ lv vwdeoh +lq wkdw qr yrwhu zrxog  ls,1 Khqfh wkh surfhvv
dgplwv lq￿qlwho| pdq| srvvleoh devruelqj vwdwhv zkhuh erwk rslqlrqv fr0h{lvw1
Lq wkh vhfrqg fdvh frqiruplvw yrwhuv duh khwhurjhqrxv lq whupv ri wkh sroo wkh|
dffrxqw iru lq ghwhuplqlqj wkhlu rslqlrq= vxssrvh 3 ?￿?4 dqg wkdw w|sh04 yrwhu
uhfhlyh ￿ @4 / w|sh03 yrwhuv uhfhlyh ￿ @3 1 Lq idfw/ zh pd| wdnh ￿ @ i4>3j wr uhsuhvhqw
d yrwhu wuxh suhihuhqfhv dqg ￿ wr phdvxuh wkh zhljkw jlyhq wr vrfldo suhvvxuhv wkdw
pd| ohdg wr suhihuhqfh idovl￿fdwlrq1 Orrnlqj dw wkh lpsolhg  ls udwhv/ lw lv qrw gl!fxow
wr vhh wkdw d w|sh04 +yv1 w|sh03, yrwhu zrxog fkrrvh rslqlrq 4 +yv1 rslqlrq 3, zlwk
suredelolw| rqh li dqg rqo| li +v,kh lv vxuurxqghg e| doo qhljkerxuv fkrrvlqj rslqlrq
4 +yv1 rslqlrq 3,1 Lq doo rwkhu fdvhv wkh suredelolw| ri fkrrvlqj dq rslqlrq lv vwulfwo|
ehwzhhq }hur dqg rqh dqg lv lqfuhdvlqj lq wkh qxpehu ri qhljkerxuv fkrrvlqj wkh vdph
rslqlrq1 Wklv phdqv wkdw/ iru h{dpsoh/ d w|sh04 yrwhu vxuurxqghg e| doo }hurv  lsv
wr rslqlrq }hur dw udwh ￿= Dv d uhvxow/ zkhqhyhu erwk w|shv h{lvw lq wkh srsxodwlrq/
wkh v|vwhp dgplwv qr devruelqj vwdwhv1 Zh frqmhfwxuh wkdw vlqfh wklv surfhvv lv
dwwudfwlyh/ lw pd| vwloo glvsod| foxvwhulqj1 Lw lv krzhyhu qrw fohdu krz wkh lqyduldqw
phdvxuhv frxog eh fkdudfwhul}hg vlqfh uhyhuvlelolw| idlov wr krog lq wklv fdvh1
8 Frqfoxvlrqv dqg vrph uhodwhg lvvxhv
Wklv sdshu dqdo|vhv d vlpsoh prgho ri sxeolf rslqlrq irupdwlrq wkdw srvlwv wkdw
lqwhudfwlrq ehwzhhq qhljkerxulqj djhqwv ohdgv wr edqgzdjrqv lq wkh g|qdplfv ri
lqglylgxdo rslqlrqv/ dv zhoo dv lq wkdw ri wkh djjuhjdwh surfhvv1 Edqgzdjrqv hphujh
gxh wr wkh orfdo qdwxuh ri lqirupdwlrq jdwkhulqj dqg wkh srwhqwldo khwhurjhqhlw|
lq ehkdylrxu wkdw wklv hqwdlov1 Zh vkrz krzhyhu wkdw lq gl￿huhqw vshfl￿fdwlrqv ri
wkh prgho/ wkh surfhvv whqgv dv|pswrwlfdoo| wr vkrz frqvhqvxv rq rqh ri wkh wzr
frpshwlqj rslqlrqv/ phdqlqj wkdw lqlwldo fruuhodwlrq ri rslqlrqv dprqj djhqwv whqgv
wr ydqlvk ryhu wlph1 Zh frqvlghu wkh h￿hfwv rq wkh surfhvv ri rslqlrq irupdwlrq
ri d sxeolfo| dydlodeoh sroo dqg vkrz wkdw wklv pd| ohdg wr d irup ri frqwdjlrq/ e|
zklfk sxeolf rslqlrq whqgv wr djuhh zlwk wkh sroo1 Lq wkh devhqfh ri d sroo/ wkh
surfhvv glvsod|v wkh ihdwxuh wkdw/ diwhu orqj wlph vsdqv/ d vhtxhqfh ri vwdwhv rffxu
zklfk uhpdlq doprvw vwdwlrqdu| dqg/ zkhq ylhzhg orfdoo|/ duh fkdudfwhul}hg e| odujh
foxvwhuv ri lqglylgxdov zkr krog wkh vdph rslqlrq1
Wkurxjkrxw wkh sdshu zh xvhg wkh phwdskru ri d prgho ri suh0hohfwrudo sxeolf
rslqlrq irupdwlrq/ zlwk wzr fdqglgdwhv uxqqlqj1 Wklv doorzhg xv wr surylgh vrph
59khxulvwlf frqvlghudwlrqv uhodwhg wr wkh vsdfh0wlph doorfdwlrq ri ixqglqj lq dq hohfwrudo
fdpsdljq1 Dv suhylrxvo| srlqwhg rxw wkh prgho zh vwxg| lv pruh jhqhudo wkdq wkh
phwdskru zh xvhg dqg grhv vkduh vrph dqdorjlhv zlwk wkh uhfhqw olwhudwxuh rqohduqlqj
dqg hyroxwlrq lq jdphv1 Dv d frqfoxglqj uhpdun zh eulh | hoderudwh rq wkhvh odwwhu
srlqwv1
Frqvlghu wkh iroorzlqj 50e|05 v|pphwulf frruglqdwlrq jdph/ zkhuh dfwlrqv duh
odehoohg dv 3 dqg 4 dqg sd|r￿v duh vxfk wkdw dAfdqg gAe=
3 4
3 d>d e>f
4 f>e g>g
E| vwdqgdug dujxphqwv/ wkh jdph dgplwv wzr vwulfw Qdvk htxloleuld lq sxuh vwudwhjlhv
i4>4j dqg i3>3j dqg d Qdvk htxloleulxp lq pl{hg vwudwhjlhv zkhuh hdfk sod|hu sod|v
dfwlrq 4 zlwk suredelolw| ￿ ￿ +d ￿ f. g ￿e,3￿+g ￿e,1
Wkh ehkdylrxudo vshfl￿fdwlrqv zh lqwurgxfhg lq Vhfwlrq 514/ prwlydwhg lq whupv
ri elqrpldo vdpsolqj zlwk xqlirup sulruv/ surylgh vprrwkhg dssur{lpdwlrq iru wkh
ehvw0uhso| fruuhvsrqghqfh lqgxfhg e| wkh deryh jdph￿S1 Wr vhh wklv/ ohw s eh wkh
suredelolw| zlwk zklfk dfwlrq 4 lv fkrvhq/ EU+s, eh wkh ehvw uhso| fruuhvsrqghqfh
dqg EU+s>p, dqg EU+s>p,/ zkhuh p rgg lv wkh vdpsoh vl}h/ eh rewdlqhg lq dqdorj|
wr htxdwlrqv +4, dqg +6, uhvshfwlyho|=
EU+s, @
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Wkhvh frqvwlwxwh dssur{lpdwlrqv ri EU+s, vlqfh vwudljkw0iruzdug dgdswdwlrqv ri
wkh uhvxowv frqwdlqhg lq wkh surri ri Sduw 4 ri Wkhruhp 6/ zrxog vkrz wkdw olp6<" m
EU+s>p, ￿EU+s>p, m@3dqg olp6<" EU+s>p, @ EU+s,1
D orfdoo| lqwhudfwlyh vshfl￿fdwlrq ri wkh prgho lv rewdlqhg e| srvwxodwlqj wkdw d
sod|hu fdq rqo| revhuyh d vdpsoh ri dfwlrqv fkrvhq zlwklq khu qhljkerxukrrg1 Zlwk
wkh qrwdwlrq xvhg wkurxjkrxw wklv sdshu/ wklv dprxqwv wr vd|lqj wkdw wkh ydoxhv ri s
duh gh￿qhg dv s+{>y, @ +5g,3￿S
t+G8+3%8’￿￿y+|, +zkhuh y+|, qrz ghqrwhv wkh dfwlrq
5:fkrvhq e| sod|hu |/ zkr lv d qhduhvw qhljkerxu ri sod|hu {, dqg duh uhvwulfwhg wr
i3>+5g,3￿>5+5g,3￿>====>4j=
Wkh uhvxowv zh rewdlq lq wkh sdshu uhihu wr wkh fdvh zkhuh ￿ @3 =81 Lq wkh deryh
sdudphwul}dwlrq ri wkh jdph/ wklv lv wkh fdvh zkhq d ￿ f @ g ￿ e/ phdqlqj wkdw/
vlqfh wkh wzr sxuh vwudwhj| Qdvk htxloleuld duh ulvn0htxlydohqw/ wkh jdph grhv qrw
dgplw dq| ulvn0grplqdqw htxloleulxp dv gh￿qhg lq Kduvdq|l dqg Vhowhq +4<;;,1 Wkh
lqwhusuhwdwlrq ri wkh uhvxowv ri rxu sdshu duh dv iroorzv1
Wkhruhp 4 lq wkh fdvh ri ￿ @4dqg g @4surylghv d uhvxow dqdorj wr Eoxph
+4<<6,1 Lq idfw dq dowhuqdwlyh urxwh wr suryh wklv uhvxow lv e| hvwdeolvklqj d uhodwlrq
ehwzhhq wkh surfhvv y?S+p, iru p ￿qlwh/ dqg d fodvv ri vwrfkdvwlf surfhvvhv nqrzq
dv Lvlqj prghov1 Wklv frxog eh edvhg rq wkh idfw wkdw wkh wudqvlwlrq suredelolwlhv ri
zklfk lq htxdwlrq +6, fruuhvsrqg h{dfwo| wr wkh  ls udwhv ri d vwrfkdvwlf Lvlqj prgho/
zlwk qhduhvw qhljkerxu lqwhudfwlrqv/ uhodwlyh wr wkh iroorzlqj srwhqwldo=
M- @
;
?
=
￿+p, @ ￿
e orj+52E6n￿￿ ￿ 4, li U @ i{>|j dqg | =m { ￿ | m@4
3 rwkhuzlvh
+8,
Iru gA4> lw lv zruwk qrwlflqj wkdw/ iru dq| ￿qlwh p d q gr y h uy d o x h vr is @ 5i 3>4@5>4j/
EU+s>p, grhv qrw frlqflgh zlwk wkh vshfl￿fdwlrq xvhg lq Eoxph +4<<6,/ jlyhq e|
g EU+s>p, @ ^4 . h{s^pi+f ￿ d,s . +g ￿ e,+4 ￿ s,j‘3￿ dssolhg wr d 50glphqvlrqdo
odwwlfh1 Wkh orjlf iroorzhg lq Fruroodu| 5 lv hqwluho| dqdorj wr wkdw xvhg lq htxloleulxp
vhohfwlrq lq jdphv1 Wkh uhvxow vd|v wkdw/ zkhqhyhu d ulvn0grplqdqw htxloleulxp grhv
qrw h{lvw/ dv wkh qrlvh ehfrphv lq￿qlwhvlpdoo| vpdoo +l1h1 iru p $4 , wkh xqltxh olplw
glvwulexwlrq ri wkh surfhvv srvlwv srvlwlyh suredelolw| rqo| rq wkh wzr frq￿jxudwlrqv
wkdw uhsurgxfh/ lqwhupv ri revhuyhg iuhtxhqflhv/ wkh wzr sxuh vwudwhj| Qdvkhtxloleuld
ri wkh xqghuo|lqj jdph1
Wkhruhp 6 iru ￿ @4dqg g @4pd| eh lqwhusuhwhg wr ghvfuleh d frruglqdwlrq
jdph sod|hg lq d rqh0glphqvlrqdo orfdoo| lqwhudfwlyh v|vwhp/ e| frxqwdeo| pdq|
p|rslfdoo| ehvw0uhvsrqglqj sod|huv zkr/ lq fdvh ri lqgl￿huhqfh/ fkrrvh hdfk dfwlrq
zlwk suredelolw| 4@5 dqg zkhuh lqlwldo frqglwlrqv duh udqgrp +dv lq Ohh dqg Ydohqwlq|l
+5333,,/ l1h1 zkhuh lqlwldoo| hyhu| sod|hu fkrrvhv dfwlrq 4 zlwk suredelolw| ￿f1W k l v
uhvxow vd|v wkdw/ zkhqhyhu d ulvn0grplqdqw htxloleulxp grhv qrw h{lvw/ d, wkh rqo|
devruelqj vwdwhv ri wkh surfhvv duh wkh wzr frq￿jxudwlrqv wkdw uhsurgxfh/ wkh wzr
sxuh vwudwhj| Qdvk htxloleuld ri wkh xqghuo|lqj jdph dqg e, wkh lqlwldo frqglwlrq ixoo|
lghqwl￿hv wkh edvlqv ri dwwudfwlrq ri wkh wzr vwhdg| vwdwhv1 Dv d uhvxow/ wkh surfhvv
vkrzv frqvhqvxv/ phdqlqj wkdw wkh suredelolw| zlwk zklfk doo sod|huv dgrsw wkh vdph
5;dfwlrq whqgv wr rqh ryhu wlph1
Uhpdun 4/ Sduw d1 fkdudfwhul}hv wkh vshhg zlwk zklfk frqvhqvxv lv dfklhyhg dv
s
w= Wklv phdqv wkdw/ dowkrxjk erwk dfwlrqv fdqqrw fr0h{lvw lqgh￿qlwho| lq rxu prgho
+lq wkh vhqvh xvhg iru h{dpsoh lq Pruulv +5333,,/ wkh surfhvv lv fkdudfwhul}hg e| odujh
foxvwhuv ri dgmdfhqw djhqwv zkr dgrsw wkh vdph dfwlrq wkdwshuvlvw ryhu wlph/ dqgzkhq
ylhzhg orfdoo| orrn dv li wkh| zhuh vwdwlrqdu|1 Wkh dqdo|vlv sxuvxhg khuh kdv vrph
dqdorjlhv/ dw ohdvw lq lwv prwlydwlrq/ zlwk Hoolvrq +4<<6, dqg Hoolvrq +5333,/ zkhuh
wkh dxwkru vwxglhv wkh udwhv ri frqyhujhqfh ri ehvw0uhso| g|qdplfv iru dq xqghuo|lqj
frruglqdwlrq jdph/ uhshdwhgo| sod|hg e| frxsohv ri sod|huv gudzq dw udqgrp iurp d
￿qlwh srsxodwlrq1 Rxu prgho gl￿huv iurp wkh flwhg sdshu lq d qxpehu ri uhvshfwv1
Iluvw/ wkh vshfl￿fdwlrq ri wkh g|qdplfv wkdw Hoolvrq vwxglhv lv shuwxuehg e| plvwdnhv
+wkdw wdnh wkh irup ri d pxowlqrpldo glvwulexwlrq wkdw dvvljqv vpdoo/ wkrxjk vwulfwo|
srvlwlyh/ suredelolw|/ xqfruuhodwhg dfurvv sod|huv dqg ryhu wlph/ wr dfwlrqv wkdw duh
qrw ehvw0uhsolhv wr wkh fxuuhqw frq￿jxudwlrq ri sod|,1 Wklv lv vxevwdqwldoo| gl￿hu0
hqw iurp wkh zd| zh prgho lqglylgxdo ehkdylrxu +wkdw lq wkh vshfl￿fdwlrq jlyhq e|
EU+s>p, frxog eh prwlydwhg lq whupv ri plvwdnhv wkdw gr ghshqg rq h{shfwhg sd|r￿v
dv lq g EU+s>p,,1 Vhfrqg/ Hoolvrq*v g|qdplfv duh gh￿qhg ryhu d ￿qlwh vwdwh0vsdfh dqg
prghohg dv ￿qlwh/ glvfuhwh wlph/ uhjxodu Pdunry fkdlqv/ zkhuhdv rxu g|qdplfv gh￿qh
d Pdunryldq surfhvv ryhu d frxqwdeoh vwdwh0vsdfh/ wkdw lv hujrglf li sod|huv dgrsw
EU+s>p,> exw lv sdwk0ghshqghqw li sod|huv dgrsw EU+s>p,1 Odvwo|/ wkh flwhg sdshu
frpsduhv wkh vshhg ri frqyhujhqfh ri wudqvlwlrq suredelolwlhv wr wkhlu olplw ydoxhv/ lq
d prgho zlwk orfdo lqwhudfwlrq dqg lq dq +dqdorj, prgho zlwk joredo lqwhudfwlrq dqg
vkrzv wkdw / zkhqhyhu d ulvn0grplqdqw htxloleulxp h{lvwv/ wkh vshhg ri frqyhujhqfh lv
kljkhu lq d orfdoo| lqwhudfwlyh vhwwlqj1 Doo vshfl￿fdwlrqv ri rxu prgho uho| rq d orfdo
fkdudfwhul}dwlrq ri wkh zd| lq zklfk lqwhudfwlrq wdnhv sodfh dqg wkh uhvxowv zh rewdlq
khuh uho| rq dq h{solflw uhodwlrq ehwzhhq wkh wzr glphqvlrqv ryhu zklfk rxu surfhvvhv
duh gh￿qhg +l1h1 wlph dqg vsdfh, lq d surfhvv wkdw pd| vkrz sdwk0ghshqghqf|1 Vlqfh
lq d qrq0orfdo vshfl￿fdwlrq ri rxu prgho +zkhuh sod|huv duh htxdoo| olnho| wr lqwhudfw
zlwk dq| rwkhu sod|hu lq wkh srsxodwlrq, frqvhqvxv zrxog jurz dw ohdvw dw d olqhdu
udwh/ rxu uhvxowv lpso| wkdw/ zkhqhyhu d ulvn0grplqdqw htxloleulxp grhv qrw h{lvw/
wkh vshhg ri frqyhujhqfh lv dfwxdoo| orzhu lq d orfdoo| lqwhudfwlyh v|vwhp1
5<Dsshqgl{
Surri ri Wkhruhp 4
41 +fkdudfwhul}dwlrq ri wkh lqyduldqw phdvxuh, Zh vwduw e| orrnlqj dw wkh rqh0
glphqvlrqdo fdvh/ l1h1 iru g @4dqg zh fodlp wkdw wkh iroorzlqj phdvxuh lv lqyduldqw
iru wkh surfhvv y?S+p, iru dq| p?4=
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Zh uh0zulwh wkh wudqvlwlrq suredelolwlhv ri zklfk lq htxdwlrq +6, e| vxevwlwxwlqj
￿ @ ￿
e orj+52E6n￿￿ ￿4,=
Su ?S^4 m p>s+{>y,‘ ￿ Su ?S^4 m ￿>s+{>y,‘@ +9,
@
4
4.h{ s ^ ￿7￿+5s+{>y, ￿4,‘
+:,
zkhuh zh uhfdoo s+{>y, @ ￿
2
S
+G8+3%8’￿ y+|, dqg/ vlqfh V @ ]￿/ lw wdnhv ydoxhv lq
i3>4@5>4j1 Iru h{dpsoh/ li s+{>y, @3wkh deryh htxdwlrq vwdwhv wkdw wkh suredelolw|
wkdw rslqlrq 4 lv fkrvhq lv jlyhq e| ^4 .h{s^7￿‘‘3￿ @ ^4 .h{s^orj^52E6n￿￿ ￿4‘‘‘3￿ @
+52E6n￿￿,3￿/ zklfk fruuhvsrqgv h{dfwo| wr +6, iru s @3 1
Wr suryh wkh dvvhuw/ lw vx!fhv wr qrwlfh wkdw wkh deryh phdvxuh lv uhyhuvleoh/ lq
wkdw=
Su ?S^4 m ￿> s+{>y,>y +{, @3 ‘ ￿j
"+y%’f, @S u?S^3 m ￿> s+{>y,>y +{, @4 ‘ ￿j
"+y%’￿,
zkhuh wkh wzr frq￿jxudwlrqv y%’f dqg y%’￿ gl￿hu rqo| lq wkh frruglqdwh { +l1h1
y%’f+{, @3 >y %’￿+{, @4dqg y%’f+|, @ y%’￿+|, iru doo | 9@ {,=
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Wkh vdph orjlf dssolhv wr wkh fdvh zkhuh 4 ?g?41 Lq wklv fdvh/ iru dq|
jlyhq p?4 dqg iru s ￿ s+{>y, @ +5g,3￿S
t+G8+3%8’￿￿y+|, zklfk wdnhv ydoxhv lq
63i3>+5g,3￿>5+5g,3￿>====>4j/ uhyhuvlelolw| uhtxluhv=
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zkhuh Su ?S^4 m s>p‘ lv dv lq htxdwlrq +6,1 Khqfh ￿E6￿+s, vroyhv wkh iroorzlqj
htxdwlrq=
Su ?S^4 m s>p‘
4￿ Su ?S^4 m s>p‘
@ h{s^7￿E6￿+s,g+5s ￿ 4,‘
Wklv htxdwlrq kdv d xqltxh vroxwlrq iru dq| s 9@3 =8 jlyhq e|=
￿E6￿+s, @
orj^Su ?S^4 m s>p‘ ￿orj^4 ￿ Su ?S^4 m s>p‘‘
7g+5s ￿4,
Li s @3 =8/ vlqfh Su ?S^4 m s @3 =8>p‘@3 =8 iru dq| p/ dq| ￿qlwh ydoxh ri ￿ vdwlv￿hv
wkh deryh htxdwlrq1 Lw fdq eh vkrzq wkdw ￿E6￿+s, lv v|pphwulf/ lq wkh vhqvh wkdw
￿E6￿+s, @ ￿E6￿+4 ￿ s,= Khqfh/ iru dq| jlyhq g/ ￿E6￿+s, lv ixoo| fkdudfwhul}hg e| g
ydoxhv1 Lq idfw/ iru g @4 / lwv grpdlq lv uhvwulfwhg wri3>3=8>4j dqg lwv fr0grpdlq lv
ixoo| fkdudfwhul}hg e| wkh sdudphwhu ￿ @ ￿
e orj+52E6n￿￿ ￿4,/ dv xvhg lq wkh ￿uvw sduw
ri wklv surri1
51 +hujrglflw|, Zh lqwhusuhw wkh surfhvv y?S dv d v|vwhp ri lqwhudfwlyh/ qhduhvw
qhljkerxuv/ sduwlfohv rq wkh vwdwh vsdfh V1
Zh orrn ￿uvw dw wkh fdvh zkhuh m V m￿ V?4= Iru frqyhqlhqfh/ dqg lq rughu wr
dvvxph dzd| erughulqj frqglwlrqv +zkhuh/ vlqfh wkhuh duh rqo| ￿qlwho| pdq| yrwhuv/
d yrwhu zrxog eh vxuurxqghg e| rqo| g qhljkerxuv/ dv rssrvhg wr 5g,/ zh wklqn ri
wkh odwwlfh ]_ dv iroghg wr irup wkh wruxv ￿+V, @ ]_ _^￿V@5>V@5‘_ iru V @5 >7>=====1
Wkh surfhvv y?S pryhv rq wkh ￿qlwh vwdwh vsdfh ri doo frq￿jxudwlrqv y 5i 3>4j\E7￿1
Lq wkh prgho/ dw dq| srlqw lq wlph/ dw prvw rqh yrwhu pd| fkrrvh wr uhylvh khu ru
klv rslqlrq1 Zkhq +v,kh grhv vr/ +v,kh ehkdyhv dffruglqj wr htxdwlrq +6,/ zklfk zh
uhfdoo rqo| ghshqgv rq p/ s+{>y,/ ￿ dqg ￿ dqg duh krprjhqhrxv ryhu wlph1 Khqfh wkh
g|qdplfv lv jhqhudwhg e| wkh iroorzlqj  ls udwhv/ f+{>y, wkdw gh￿qh wkh suredelolw|
zlwk zklfk frruglqdwh {  lsv/ iurp y+{, wr 4 ￿y+{,/ zkhq wkh surfhvv lv lq vwdwh y=
f?S+{>y>￿>￿>p, @ y+{, .+4 ￿5y+{,,^￿Su ?S^4 m s+{>y,>p‘.+4 ￿￿,￿‘
64zkhuh y+{, @ i3>4j dqg Su ?S^4 m s>p‘ lv dv lq htxdwlrq +6,1
Lw fdq hdvlo| eh fkhfnhg wkdw iru dq| ydoxh ri +￿>￿, 5 +3>4‘ ￿ ^3>4‘/ vlqfh 3 ?
Su ?S^4 m s>p‘ ? 4 iru p?4/ wkhvh  ls udwhv duh vwulfwo| srvlwlyh1 Khqfh/ wudqvlwlrq
suredelolwlhv duh vwulfwo| srvlwlyh iurp hdfk vwdwh wr doo/ dqg rqo|/ wkh vwdwhv wkdw
gl￿hu iurp wkdw vwdwh e| dw prvw rqh frruglqdwh1 Khqfh zh pd| uhjdug wkh surfhvv
dv d ￿qlwh0vwdwh Pdunry fkdlq/ dqg frqfoxgh wkdw/ vlqfh vwduwlqj iurp rqh vwdwh/ wkh
surfhvv fdq uhdfk dq| rwkhu vwdwh lq dw prvw V?4 vwhsv/ wkh surfhvv lv hujrglf1
Zkhqhyhu V @ ]_ lv frxqwdeoh/ exw srvvleo| lq￿qlwh/ vr lv wkh vwdwh vsdfh ri wkh
surfhvv y?S dqg khqfh wkh deryh orjlf grhv qrw krog1 Zh surfhhg dv iroorzv1 Zh ￿uvw
vkrz wkdw wkh surfhvv lv dwwudfwlyh +ru prqrwrqlf, lq wkdw frruglqdwhv whqg wr djuhh
zlwk qhljkerxulqj frruglqdwhv1 Zh wkhq xvh d uhvxow vwdwlqj wkdw/ lq ]￿/ d vx!flhqw
frqglwlrq iru dq dwwudfwlyh v|vwhp zlwk d frxqwdeoh vwdwh0vsdfh wr eh hujrglf/ lv
wkdw wkh wudqvlwlrq suredelolwlhv wkdw jhqhudwh wkh surfhvv eh vwulfwo| srvlwlyh +dv zh
douhdg| nqrz wkh| duh,1
Zh lqwurgxfh wkh iroorzlqj sduwldo rughu rq i3>4j~￿
1 Zh vd| wkdw/ iru ￿>￿ 5
i3>4j~￿
/ ￿ ￿ ￿ li ￿+{, ￿ ￿+{, iru doo { 5 ]￿1 Wkhq d surfhvv lv gh￿qhg wr eh
dwwudfwlyh li/ zkhqhyhu ￿ ￿ ￿  ls udwhv vdwlvi| wkh iroorzlqj=
f+{>￿>￿>￿>p, ￿ f+{>￿>￿>￿>p, li ￿+{, @ ￿+{, @3
f+{>￿>￿>￿>p, ￿ f+{>￿>￿>￿>p, li ￿+{, @ ￿+{, @4
Vlqfh iru dq| ￿ ￿ ￿> s+{>￿, ￿ s+{>￿,> dovr Su ?S^4 m s+{>￿,>p‘ ￿ Su ?S^4 m s+{>￿,>p‘
iru dq| p1 Khqfh/ wkh surfhvv lv dwwudfwlyh1 Iru h{dpsoh/ iru g @ ￿ @4 /  ls udwhv
h{suhvvhg dv d ixqfwlrq ri ￿?4 duh=
f?S+{>y>￿, ￿
;
?
=
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3￿ li y+{, @3
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dqg lw fdq hdvlo| eh fkhfnhg wkdw dwwudfwlylw| lv jxdudqwhhg1
Dv suryhg lq Jud| +4<;5, +dqg uhsruwhg/ iru h{dpsoh/ lq Oljjhww +4<;8,/ dv Wkh0
ruhp 6147/ s1485,/ wklv lv d vx!flhqw frqglwlrq iru hujrglflw|1 Khqfh/ wkh vhw ri
lqyduldqw phdvxuhv/ ./ iru wkh surfhvv y?S+p,> zlwk p?4/ lv d vlqjohwrq1
Dv d uhvxow/ iru ￿| ￿ ￿ @4iru doo wA3/ wkh rqo| vxfk phdvxuh lv wkh rqh lghqwl￿hg
lq Sduw 41 ri wklv surri dqg wkh odvw vwdwhphqw ri Sduw 51 ri wkh Wkhruhp iroorzv1
65Qrwlfh wkdw iru dq| ￿| ￿ ￿?4 iru doo wA3/ wkh uhyhuvlelolw| surshuwlhv zh xvhg
lq Sduw 41 ri wkh surri rqo| krog iru ￿ @3 =8 +vlqfh lq dq| rwkhu fdvh ￿Su ?S^4 m s @
3>p‘.+4￿￿,￿.^￿Su ?S^4 m s @4 >p‘.+4￿￿,￿‘ 9@4 / wkxv irupdol}lqj dq dv|pphwu|
lq wkh  ls udwhv,1
Surri ri Wkhruhp 6
41 Uhfdoo wkdw wkh surfhvvhv y?S+p, dqg yS+p, duh xowlpdwho| gh￿qhg e| wkh
wudqvlwlrq suredelolwlhv ri zklfk lq +6, dqg +5, uhvshfwlyho|1 Khqfh/ zh rqo| qhhg wr
vkrz wkdw olp6<" Su ?S^4 m p>s‘@o l p 6<"Su S^4 m p>s‘ iru dq| jlyhq s ￿ s+{>y, ￿
l@5g iru l 5i 3>4>====>5gj1
Iru g @4 / wklv lv wulyldo/ vlqfh Su ?S^4 m p>s @3 ‘@5 32E6n￿￿/ Su ?S^4 m p>s @
3=8 ‘@3 =8 dqg Su ?S^4 m p>s @4 ‘@4￿ 532E6n￿￿ dqg/ ryhu i3> ￿
2>4j dqg iru doo p/
Su S^4 m p>s @3 ‘@3 / Su S^4 m p>s @3 =8‘ @ 3=8 dqg Su S^4 m p>s @4 ‘@4 1
Iru gA4/ zh vkrz wkdw frqyhujhqfh rewdlqv ryhu doo ydoxhv ri s=
m Su ?S^4 m p>s‘ ￿Su S^4 m p>s‘ m￿
￿m
26n￿ [
o’f
￿
5p .4
u
￿
so+4 ￿s,26n￿3o ￿
26n￿ [
o’6n￿
￿
5p .4
u
￿
so+4 ￿ s,26n￿3o m@
@
6 [
o’f
￿
5p .4
u
￿
so+4￿ s,26n￿3o ￿
4
5p
zklfk jrhv wr 3 iru p $4 1
Wr fkdudfwhul}h wklv olplw/ qrwlfh wkdw/ Su S^4 m p>s‘ lv v|pphwulf durxqg s @3 =8/
lq wkdw Su S^4 m p>s‘@4￿ Su S^4 m p>4 ￿ s‘1 Khqfh lw vx!fhv wr vkrz wkdw/ iru doo
3 ?s?3=8/ olp6<" Su S^4 m p>s‘@3 1 Wr wklv dlp/ qrwlfh wkdw/ iru 3 ?s?3=8/w k l v
lv d vxp ri p ghfuhdvlqj whupv1 Khqfh=
3 ? Su S^4 m p>s‘ ￿ p
￿
5p .4
p .4
￿
s6n￿+4￿ s,6
3 ? olp 6<" Su S^4 m p>s‘ ￿ olp 6<"p
￿
5p .4
p .4
￿
s6n￿+4 ￿ s,6 @3
wkxv frqfoxglqj wkh surri1
51 Vlqfh ￿ @3dw w @3wkh lqlwldo frqglwlrq ir wkh surfhvv lv jlyhq e| wkh surgxfw
phdvxuh ￿Zf1 Vlqfh ￿ @4iru doo wA3  ls udwhv iru wklv surfhvv duh=
fS+{>y, @ y+{, .S uS^4 m p>s+{>y,‘+4￿ 5y+{,,
iru y+{, 5i 3>4j dqg Su S^4 m p>s+{>y,‘ dv lq htxdwlrq +5,1 Vlqfh g @4 / s+{>y, @
+5,3￿ S
t+G8+3%8’￿￿y+|, 5i 3>4@5>4j dqg ryhu wkhvh ydoxhv Su S^4 m p>s+{>y,‘ ￿
66s+{>y, iru doo p ￿ 31 Dv d uhvxow=
fS+{>y, @ y+{, .s+{>y,+4 ￿5y+{,, +;,
E| vlpsoh lqvshfwlrq ri wkh  ls udwhv wkdw gh￿qh wkh surfhvv lw lv fohdu wkdw dq|
vwdwh iru zklfk y+{, @ y+|, iru doo {>| lq V lv vwdwlrqdu| iru wkh surfhvv1 Fohduo|/
iru wklv surfhvv yS/ . ￿ .e ￿i ￿f>￿ ￿j1 Khqfh/ wkh uhvxow uholhv rq wkh surri wkdw
wkhvh duh wkh rqo| wzr h{wuhph lqyduldqw phdvxuhv +l1h1 .e ￿i ￿f>￿ ￿j,/ vr wkdw/ dv
. lv d frqyh{ vhw/ dq| rwkhu lqyduldqw phdvxuh lv ixoo| fkdudfwhul}hg1 Ixuwkhupruh/
rqh qhhgv wr vkrz wkdw wkh grpdlqv ri dwwudfwlrq ri hdfk h{wuhph lqyduldqw phdvxuh/
ghshqg rq wkh vwrfkdvwlf lqlwldo frqglwlrq jlyhq e| wkh surgxfw phdvxuh ￿Zf/d q g
olp|<" ￿
Zf
| @ +4 ￿ ￿f,￿f . ￿f￿￿1
Zh pdnh xvh ri uhvxowv wkdw duh zhoo nqrzq lq wkh vwdwlvwlfdo olwhudwxuh rq wkh
Yrwhu*v prgho +Oljjhww +4<;8,/ Vhfwlrq 4 dqg 6/ Fkdswhu Y ru lq Eudpvrq dqg Juli0
ihdwk +4<;3,, wkdw rxu prgho uhsurgxfhv iru wklv vshfl￿fdwlrq ri wkh sdudphwhuv1 Lq
wkh Yrwhu*v prgho/ d yrwhu dw { 5 ]_ fkdqjhv klv rslqlrq dw dq h{srqhqwldo udwh +zlwk
phdq rqh, sursruwlrqdo wr wkh qxpehu ri 5g qhduhvw qhljkerxuv zlwk wkh rssrvlwh
rslqlrq1 Li 5g qhljkerxuv glvdjuhh zlwk wkh shuvrq dw {/ wkh  ls udwh lv 41 Lw fdq eh
vhhq e| htxdwlrq +;, wkdw wklv lv h{dfwo| wkh g|qdplfv ri rxu prgho1
Dv wkh orjlf ri wkh surriv lv lqwhuhvwlqj lq lwv rzq uljkw/ zh vnhwfk wkh surri lq
zkdw iroorzv1
Wkh surfhvv yS fdq eh vwxglhg lq whupv ri lwv gxdo surfhvv lq whupv ri frdohvf0
lqj udqgrp zdonv1 Wkh gxdolw| uhodwlrq wudqvirupv txhvwlrqv derxw yS lq txhvwlrqv
frqfhuqlqj wkh fduglqdolw| ri wkh frdohvflqj udqgrp zdon v|vwhp1
Zh ￿uvw vkrz wkdw vxfk gxdolw| fdq eh xvhg/ e| fkhfnlqj wkh frqglwlrqv ri zklfk
lq htxdwlrq1 +716, +s1 48;, lq Oljjhww +4<;8,1 Wr wklv dlp/ qrwh wkdw/ dw dq| wA3/
wkh  ls udwhv ri htxdwlrq +;, fdq eh zulwwhq dv=
fS+{>y, @ +4 ￿ y+{,,. +5y+{,￿ 4,
[
t+G8+3%8’￿￿
4
5
+4 ￿y+|,,
Wkhvh frlqflgh zlwk htxdwlrq1 +716, +s1 48;, lq Oljjhww +4<;8,/ rqfh zh wdnh f+{, @4 /
D @ i|j dqg s+{>D, @ s+{>|, @4 @5 li | =n | ￿{ n@4dqg }hur rwkhuzlvh1
Wkh gxdo surfhvv lv d v|vwhp ri frxqwdeo| pdq| frqwlqxrxv wlph/ v|pphwulf
udqgrp zdonv wkdw mxps diwhu dq h{srqhqwldo phdq04 kroglqj wlph/ zlwk suredelolwlhv
s+{>{.4, @ s+{>{￿4, @4 @51 Zkhqhyhu wzr udqgrp zdonv phhw +l1h1 li rqh mxpsv
wr d vlwh wkdw lv douhdg| rffxslhg,/ wkhq wkh| frdohvfh/ l1h1 wkh| phujh lqwr rqh1 Lq
67sduwlfxodu/ dq| vxfk udqgrp zdon gh￿qhv d frqwlqxrxv wlph Pdunry fkdlq/ [+w,/ zlwk
wudqvlwlrq suredelolwlhv=
s|+{>|, @ h3|
" [
?’f
w?
q$
sE?￿+{>|, +<,
zkhuh sE?￿+{>|, duh wkh q0vwhs wudqvlwlrq suredelolwlhv dvvrfldwhg zlwk s+{>|,1D q |
v|vwhp ri ￿qlwho| pdq| lqghshqghqw frslhv ri [+w,> zkhuh dq| wzr phujh zkhqhyhu
wkh| phhw/ gh￿qhv d v|vwhp ri ￿qlwho| pdq| frdohvflqj Pdunry fkdlqv ryhu wkh vwdwh
vsdfh ri doo ￿qlwh vxevhwv ri V @ ]￿1
Zh ghqrwh e| D| wkh v|vwhp ri frdohvflqj udqgrp zdonv dw wlph w/ wkdw vwduwhg
dw wlph }hur lq wkh ￿qlwh vxevhw D ￿ V1 Iru dq| vxfk vxevhw D/o h w =
j|+D, @S u￿^m D| m?m D m iru vrph w ￿ 3‘
Wklv uhsuhvhqwv d phdvxuh ri krz idu dsduw wkh vlqjoh surfhvvhv duh1 Fohduo|/ iru dq|
w/ j|+D, @3zkhq m D m@4 / dv d vlqjoh uhfxuuhqw udqgrp zdon lv qhyhu jrlqj wr glh1 Li
m D m@5 / j|+D, $|<" 4> phdqlqj wkdw wzr uhfxuuhqw udqgrp zdonv zloo whqg wr phhw
dqg frdohvfh/ dv wlph jurzv/ dqg srvvleo| rqo| dv|pswrwlfdoo|1 Lq rughu wr vkruwhq dq
rwkhuzlvh yhu| orqj surri/ zh vkdoo krzhyhu dvvxph wkdw j|W+D, @4zkhq m D m@5
iru vrph wW ? 41
Ohw D @ i{ 5 V = y+{, @4 iru doo { 5 Dj dqg/ iru ￿ ehlqj d suredelolw| phdvxuh
rq i3>4j7/o h w￿+D, @ ￿iy = y+{, @4iru doo { 5 Dj1 Wkhq wkh gxdolw| htxdwlrq fdq
eh vwdwhg dv iroorzv +vhh htxdwlrq1 41:/ s1 563 lq Oljjhww +4<;8,,=
￿|+D, @ H￿￿+D|, +43,
zkhuh ￿|+D, lv wkh suredelolw| wkdw wkh surfhvv y| kdv y|+{, @4iru doo { 5 D dqg
H￿￿+D|, lv wkh suredelolw| wkdw m D| m udqgrp zdonv/ vwduwhg dw D/ duh vwloo dolyh dw
wlph w1
E| xvlqj wklv gxdolw| uhodwlrq/ zh qrz vkrz wkdw/ jlyhq d surgxfw phdvxuh ￿w/
olp|<" ￿w
| @ +4￿ ￿,￿f . ￿￿￿1
Wr fkdudfwhul}h wkh edvlqv ri dwwudfwlrq ri iyf>y￿j/ vxssrvh wkh surfhvv yS lv
vwduwhg +vwrfkdvwlfdoo|, zlwk surgxfw phdvxuh ￿w1L i￿ lv wkh ￿uvw wlph wkdw m D| m@4
+zklfk lv ￿qlwh zlwk suredelolw| rqh e| rxu dvvxpswlrq wkdw j|W+D, @4zkhq m D m@5 ,
wkh gxdolw| htxdwlrq +43, lpsolhv wkdw=
olp
|<"
H￿￿+D|, @ H￿^ol p
|<"
H￿￿￿+D|,‘
68Dsso|lqj wklv djdlq wr D @ i{j zh rewdlq=
olp
|<"
[
+
s|+{>|,￿+i|j, @ ￿ iru doo { 5 V
Exw/ e| sduw +e, ri Wkhruhp 41< lq Oljjhww +4<;8, +s1 564,/ wklv lv d qhfhvvdu| dqg
vx!flhqw frqglwlrq iru olp|<" ￿w
| $ +4 ￿ ￿,￿f . ￿￿￿ wr eh wuxh1 Khqfh/ iru ￿ @ ￿f
wkh dvvhuw iroorzv1
61 Zh iroorz wkh vdph orjlf zh xvhg lq Sduw 51 ri wkh surri ri Wkhruhp 4 iru wkh
fdvh ri V @ ]￿1 Iols udwhv iru wklv prgho fdq eh zulwwhq dv=
fS+{>y>￿>￿>p, @ y+{, .+4 ￿5y+{,,^￿Su S^4 m s+{>y,>p‘.+4 ￿￿,￿‘
iru y+{, @ i3>4j zkhuh Su S^4 m s+{>y,>p‘ lv jlyhq lq htxdwlrq +5,1 Dwwudfwlylw| lv/
djdlq/ jxdudqwhhg e| wkh idfw wkdw/ iru dq| p/ Su S^4 m s>p‘ lv lqfuhdvlqj lq s1 Khqfh
wkh surfhvv lv hujrglf li wkhvh  ls udwhv duh vwulfwo| srvlwlyh1
Uhfdoo wkdw ￿ 5 +3>4, e| dvvxpswlrq1 Vlqfh/ iru doo p/ Su S^4 m s @3 >p‘@3dqg
Su S^4 m s @4 >p‘@4 / lw lv fohdu wkdw/ iru dq| ￿ 5 +3>4,/ 3 ?f S+{>y>￿>￿>p, ? 4/
zklfk jxdudqwhhv hujrglflw| lq wklv fdvh1 Iru ￿ 5i 3>4j hujrglflw| lv suryhq qh{w1
Zh suryh wkh vwdwhphqw iru ￿ @4 1 +Wkh surri iru ￿ @3lv hqwluho| dqdorj,1 Lq
wklv fdvh wkh frq￿jxudwlrq y￿ @ iy 5i 3>4j~￿
= y+{, @4 j lv devruelqj/ vlqfh/ irup
wkh  ls udwhv ri zklfk lq +BB,/ qr yrwhu zrxog fkdqfh rslqlrq1 Pruhryhu/ wklv zrxog
eh wkh rqo| devruelqj vwdwh/ vlqfh lq dq| rwkhu frq￿jxudwlrq vrph yrwhuv/ iru zkrp
s+{>y, ? 4> frxog  ls zlwk srvlwlyh suredelolw|1 Vlqfh wkh vwdwh0vsdfh ri wkh surfhvv
yS rq ]￿ lv rqo| frxqwdeoh/ hujrglflw| pljkw vwloo idlo wr krog￿.1
Ohw V￿ eh ￿qlwh vhwv wkdw lqfuhdvh wr V> vxfk wkdw olp￿<"V￿ @ V= Gh￿qh wkh
iroorzlqj  ls udwhv=
f
Sc￿
￿ +{>y>￿>￿>p, @
;
A A ?
A A =
fS+{>y+{,￿>￿>￿>p, li { 5 V￿
3 li { @ 5 V￿ dqg y+{, @ l
4 li { @ 5 V￿ dqg y+{, 9@ l
zlwk y+{,￿ @ y+{, iru { 5 V￿c dqg y+{, @ l iru { @ 5 V￿>l5i 3>4j=
Ghqrwh wkh surfhvv zlwk  ls udwhv f
Sc￿
￿ +{>y>￿>￿>p, e| V￿c￿+w,> zkhuh V￿c￿+w,
lv htxdo wr wkh ruljlqdo surfhvv iru { 5 V￿> dqg fkdudfwhul}hg e| doo frruglqdwhv vhw
htxdo wr l iru { @ 5 V￿= Ohw ￿fVfc￿+w, eh wkh odz ri wkh surfhvv fkdudfwhul}hg e|  ls
udwhv f
Sc￿
f +{>y>￿>￿>p, zkhq wkh lqlwldo glvwulexwlrq lv jlyhq e| doo 3 dw wlph 3 dqg ohw
￿￿V￿c￿+w, eh wkh odz ri wkh surfhvv fkdudfwhul}hg e|  ls udwhv f
Sc￿
￿ +{>y>￿>￿>p, zkhq
69wkh lqlwldo glvwulexwlrq lv jlyhq e| doo 4 dw wlph 3= Dv fS+{>y+{,>￿>￿>p, lv dwwudfwlyh/
e| Wkhruhp 51: lq Oljjhww +4<;8,/ dovr f
Sc￿
￿ +{>y>￿>￿>p, duh dwwudfwlyh dqg
￿fVfc￿+w, ￿ ￿wV+w, ￿ ￿￿V￿c￿+w,
iru ￿ 5 +3>4,> dqg
olp
￿<"
olp
|<"
￿fVfc￿+w, @o l p
|<"
￿fV+w,
olp
￿<"
olp
|<"
￿￿V￿c￿+w, @o l p
|<"
￿￿V+w,
Qrz olp|<" ￿fVfc￿+w, @o l p |<" ￿￿V￿c￿ @ ￿￿c￿> wkdw lv/ dv w $4 > lqghshqghqwo|
ri wkh lqlwldo glvwulexwlrq/ wkh surfhvv uhvwulfwhg rq V￿ frqyhujhv wr d frq￿jxudwlrq
doo rqhv1 Lq idfw V￿c￿+w, lv d ￿qlwh Pdunry fkdlq ryhu V￿> dqg dv wkhuh lv d xqltxh
devruelqj vwdwh +y￿
￿ ￿i y+{, @4iru doo { 5 V￿j, zh nqrz wkdw wkh xqltxh hujrglf
glvwulexwlrq srvlwv srlqwpdvv rqh rq wklv vwdwh1 Dv olp￿<" V￿ @ V> lo iroorzv wkdw
olp
￿<"
olp
|<"
￿fVfc￿+w, @o l p
￿<"
olp
|<"
￿￿V￿c￿+w, @o l p
￿<"
￿￿c￿ @ ￿￿
Wkh ghvluhg uhvxow wkhq iroorzv1
Surri ri Uhpdun 4
d1 Zh kdyh douhdg| vkrzq wkdw/ xqghu wkh dvvxpswlrqv ri Wkhruhp 6/ Sduw 51 rxu
prgho uhsurgxfhv wkh g|qdplfv ri wkh Yrwhu*v prgho1 Wkhruhp : +s1544, lq Eudpvrq
dqg Jul￿hdwk +4<;3, uhtxluhv wkh lqlwldo frqglwlrq wr eh d surgxfw phdvxuh +dv vxfk
wudqvodwlrq lqyduldqw, dqg lq rxu prgho ￿Zf lv vr e| gh￿qlwlrq1
e1 Zh suryh wkh vwdwhphqw iru ￿A @4 = Lq wklv fdvh zh nqrz +Wkhruhp 6/ Sduw
61, wkdw/ vwduwlqj iurp dq| wlph W glvwulexwlrq/ wkh v|vwhp frqyhujhv wr y￿1Z h
khuh fkdudfwhul}h wkh plqlpxp udwh dw zklfk wklv rffxuv1 Iluvw qrwlfh wkdw/ vlqfh
￿ 5 +3>4,/ ￿A @4dqg g @4 >  ls udwhv duh jlyhq e|=
fS+{>y>￿>￿>p, @ y+{, .+4 ￿5y+{,,^￿s+{>y, .+4 ￿￿,‘
Khqfh/ vwduwlqj iurp yf +zkhuh s+{>y, @3iru doo {,/ rqhv duh surgxfhg e| wkh sroo
dw udwh +4￿ ￿, A 31
Vxssrvh dw vrph wlph wAW@3 / y+{, @4dqg y+|, @3iru doo | 9@ {1W k h
plqlpxp udwh dw zklfk wklv rqh dw { jurzv lqwr d foxvwhu ri wzr dgmdfhqw rqhv lv
frpsxwhg dv iroorzv1 Zlwklq d vpdoo wlph lqwhuydo/ vlqfh dw prvw rqh yrwhu fdq
fkdqjh rslqlrq/ wkuhh wklqjv fdq kdsshq=
d, y+{, @4 lsv wr y+{, @3 / y+{ ￿4, @ y+{ .4 , @3 1 Wklv rffxuv dw udwh ￿1
6:e, y+{, @4 / y+{ ￿ 4, @3 lsv wr y+{ ￿ 4, @4 >y+{ .4 , @3 1 Wklv rffxuv dw udwh
￿@5.+4 ￿￿,1
f, y+{, @4 >y +{ .4, @3 lsv wr y+{ .4 , @4 >y+{ ￿ 4, @3 = Wklv rffxuv dw udwh
￿@5.+4 ￿￿,1
Xqghu d, wkh foxvwhu glvdsshduv> xqghu e, ru f, wkh foxvwhu jurzv e| rqh xqlw1 Lw
fdq hdvlo| eh fkhfnhg wkdw wkhvh duh dovr wkh +plqlpxp, udwhv dw zklfk d foxvwhu ri
dw ohdvw wzr dgmdfhqw rqhv jurzv e| rqh xqlw1 Khqfh/ ehwzhhq W @3dqg w/ zlwk
suredelolw| rqh/ wkh foxvwhu vl}h lv vxfk wkdw=
m y| m￿
| ]
f
^5+
￿
5
.4￿￿, ￿ ￿‘gw @5 +4￿ ￿,w
Dv d uhvxow/ vlqfh ￿ 5 +3>4,> iru wAW=
olp
|<"
m y| m
5w￿ ￿ +4 ￿￿, olp
|<"
w￿3￿
zklfk lv htxdo wr 4 iru ￿?41
6;Qrwhv
￿Vlqfh wkh srsxodwlrq lv odujh/ wkh suredelolw| ri ehlqj slyrwdo lv qhjoljleoh +hvwlpdwhg wr eh ￿f
3H
lq wkh XVD lq 4<9;/ e| Ulnhu dqg Rughuvkrrn +4<9;,,1 Wkh idfw wkdw wkhuh duh rqo| wzr fdqglgdwhv
dqg d vlqjoh hohfwlrq uxohv rxw lvvxhv ri wdfwlfdo yrwlqj +dv lq Khdwk dqg Hydqv +4<<7, dprqj rwkhuv,
ru ri frppxqlfdwlyh yrwlqj +dv lq Slnhww| +5333,,1
2Wkh prwlydwlrq zh kdyh lq plqg lv lq whupv ri edqg0zdjrq h￿hfw +yrwhuv idyrxu wkh sduw| wkdw
lv grlqj zhoo lq wkh sroov,/r usurmhfwlrq h￿hfw +yrwhuv whqg wr surmhfw wkhlu lqwhqghg yrwh rqwr
wkhlu hohfwlrq rxwfrph h{shfwdwlrqv,1 Vlqfh wkh wkhruhwlfdo vwxglhv ri Vlprq +4<87, dqg Edxpro
+4<8:,/ hpslulfdo zrun fduulhg rxw lq wkh XN dqg lq wkh XVD vhhpv wr surylgh hylghqfh iru wkhvh
k|srwkhvlv +vhh PfDolvwhu dqg Vwxgodu +4<<4,/ ]xfnhupdq D1V1/ Ydohqwlqr dqg ]xfnhupdq H1Z1
+4<<7, dqg wkhuhlq uhihuhqfhv,1 Dowkrxjk zh gr qrw sxuvxh wklv khuh/ zh eholhyh wkdw dq dowhuqdwlyh
lqwhusuhwdwlrq ri wkh prgho frxog eh jlyhq lq whupv ri h{suhvvlyh yrwlqj +sxuvxlqj wkh dujxphqwv ri
Phhko +4<<:, rq wkh olqhv/ iru h{dpsoh/ ri Vfkxhvvohu +4<<:,,1
￿Prghov ri lqwhudfwlyh ehkdylrxu zlwk d orfdo frqqrwdwlrq kdyh ehhq h{whqvlyho| dqdo|}hg lq wkh
prghuq olwhudwxuh rq ohduqlqj dqg hyroxwlrq +Eoxph +4<<6,/ Hoolvrq +4<<6, dqg +5333,/ Dqghuolql
dqg Ldqql +4<<9,/ Pruulv +4<<:e, dqg +5333,/ Hvkho/ Vdpxhovrq dqg Vkdnhg +4<<;, dqg Ldqql +4<<;,
dprqj rwkhuv,1
eWkh lpsruwdqfh ri dq hohfwrudo sroo lq vkdslqj wkh surfhvv ri sxeolf rslqlrq lv phqwlrqhg lq
Frroh| +4<4;, dqg dqdo|}hg lq Erjduw +4<;8, dqg lq Fuhvsl +4<<:, dprqj rwkhuv1
DDowkrxjk zh rqo| ghdo zlwk lqfhqwlyh vwuxfwxuhv wkdw duh ghvfulehg e| d wkuhvkrog ydoxh ri rqh
kdoi/ wkh dssur{lpdwlrq surylghg e| erwk vshfl￿fdwlrqv lv qrw olplwhg wr wklv ydoxh/ dqg krogv lqvwhdg
iru dq| wkuhvkrog ydoxh vwulfwo| ehwzhhq }hur dqg rqh1
SVlqfh pdq| vshfl￿fdwlrqv ri rxu prgho doorz iru d frxqwdeoh srsxodwlrq ri djhqwv/ vlpsoh pdmrulw|
lv wr eh lqwhqghg dv wkh olplw ri lwv qdwxudo uhvwulfwlrq wr d3￿c￿o dv ￿ <"zkhqhyhu wklv olplw
h{lvwv1 Dv lw zloo ehfrph fohdu/ wklv zloo qrw sod| d nh| uroh lq rxu uhvxowv1
.Vhh irrwqrwh 41
HWkh vlpsohvw zd| wr prwlydwh wklv lv wr wklqn lq whupv ri d vlgh sd|phqwv/ ghqrwhg e| 0c wkdw d
yrwhu jhwv li +v,kh kdv yrwhg iru wkh fdqglgdwh zkr zlqv wkh hohfwlrqv dqg wr ixuwkhu srvwxodwh wkdw
wkh xwlolw| ixqfwlrq lv txdvl0olqhdu lq wklv odwwhu dujxphqw1
bWklv lv vlpso| gxh wr wkh idfw wkdw Ehwd glvwulexwlrqv duh d frqmxjdwh idplo| iru elqrpldo vdp0
solqj1
￿fWklv vwdwhphqw lv suryhg lq wkh surri ri Sduw 41 ri Wkhruhp 61
￿￿Wklv vwdwhphqw lv suryhg lq wkh surri ri Sduw 41 ri Wkhruhp 61
￿2Vshfl￿fdoo|/ zh phdq wkdw/ zlwklq d vpdoo wlph lqwhuydo _|=
￿hd￿|n_|E%￿’￿￿ kcR|c6cZAo ’ ￿hd￿ ￿ kcR|c6cZAo_| n JE|￿
6<Dovr/ wkh dvvxpswlrq wkdw rslqlrqv duh uhylvhg dw udqgrp wlphv hqvxuhv wkdw wkh suredelolw| wkdw
pruh wkdq rqh yrwhu uhylvhv rslqlrq dw wkh vdph wlph lv qhjoljleoh1
￿￿Pruh suhflvho|/ lw ydulhv xsshu khplfrqwlqxrxvo| zlwk 6 lq wkh zhdn frqyhujhqfh wrsrorj|1
￿eLw lv fohdu wkdw Fruroodu| 5 rqo| uholhv rq d frpsdudwlyh vwdwlf h{huflvh ryhu wkh olplw glvwulexwlrqv
ri d vhtxhqfh ri lghqwlfdo surfhvvhv/ wkdw gl￿hu rqo| lq wkh sdudphwhu 6 dqg/ dv vxfk/ lw grhv qrw
surylgh d ixoo xqghuvwdqglqj ri wkh g|qdplfv1 Orrvho| vshdnlqj/ zkdw zh gr qh{w lv wr uhyhuvh wkh
orjlf zh iroorzhg lq Fruroodu| 5 +zkhuh zh ￿uvw orrnhg dw wkh dv|pswrwlfv iru | <" / dqg wkhq dw
wkh olplw iru 6 <" , e| ￿uvw orrnlqj dw d surfhvv zkhuh d yrwhu nqrzv h{dfwo| zkdw wkh rslqlrqv lq
khu qhljkerxukrrg lv +l1h1 lq wkh olplw iru 6 <" , dqg vhfrqg dw zkdw kdsshqv dorqj wkh g|qdplfv
ri wklv surfhvv +l1h1 dv|pswrwlfdoo| iru | <" ,1
￿DZh duh judwhixo wr dq dqrq|prxv uhihuhh ri d suhylrxv yhuvlrq ri wklv sdshu dqg wr D1 Kdpolq
iru gudzlqj wklv errn wr rxu dwwhqwlrq1
￿SWkh whup vprrwk uhihuv wr wkh idfw wkdw wkh ehvw0uhso| fruuhvsrqghqfh duh dssur{lpdwhg e|
frqwlqxrxv ixqfwlrqv1 Iru dq ryhuylhz ri dqdorj dssur{lpdwlrqv/ vhh iru h{dpsoh Ixghqehuj dqg
Ohylqh +4<<;,/ Fkdswhu 7 dqg wkhuhlq uhihuhqfhv1
￿.Wkh lqwxlwlrq zk| wklv frxog eh vr/ lv dv iroorzv1 Vxssrvh wkh surfhvv vwduwv dw ￿
f ’ t￿ M
tfc￿￿~4
G ￿E%￿’f ￿1 Dq rffdvlrqdo ￿E%￿’￿dsshduv dqg/ zkhq lw grhv vr/ lw pd| jurz lqwr d eorfn
ri ￿v1 Exw li E￿3 k￿ lv vpdoo/ wkh ohqjwk ri wkh eorfn ri ￿v vxuurxqghg e| fv pd| jurz dw d qhjdwlyh
udwh1 Wkh surfhvv lv ghvfulehg dssur{lpdwho| e| d frxqwdeoh srvlwlyh uhfxuuhqw Pdunry fkdlq ryhu
wkh qxpehu ri fv/ Efc￿c2c￿￿￿￿￿￿/ devruehg dw f diwhu d wlph zlwk ￿qlwh h{shfwhg ydoxh1 Li E￿ 3 k￿
+wkh udwh ri surgxfwlrq ri ￿v, lv vpdoo uhodwlyh wr wklv h{shfwhg wlph/ wkhq rqh pd| h{shfw wkh olplw
glvwulexwlrq iru | <" / wr eh gl￿huhqw iurp >
￿1 Khqfh wkh surfhvv zrxog qrw eh hujrglf1 Khqfh zh
qhhg wr suryh wkdw hujrglflw| krogv iru dq| ydoxh ri k M Efc￿￿1
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